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WEIGHTS FOR CLASSICAL GROUPS

JIANBEI AN

ABSTRACT. This paper proves the Alperin’s weight conjecture for the finite uni-
tary groups when the characteristic r of modular representation is odd. More-
over, this paper proves the conjecture for finite odd dimensional special orthog-
onal groups and gives a combinatorial way to count the number of weights,
block by block, for finite symplectic and even dimensional special orthogonal
groups when r and the defining characteristic of the groups are odd.

INTRODUCTION

Let G be a finite group and r a prime. A weight of G is a pair (R, ¢) of an
r-subgroup R of G and an irreducible character ¢ of N(R) such that ¢ is
trivial on R and in an r-block of defect 0 of N(R)/R, where N(R) = Ng(R)
is the normalizer of R in G. A radical subgroup R of G is an r-subgroup of
G such that R = O,(N(R)), where O,(N(R)) is the largest normal r-subgroup
of N(R). If (R, ¢) is a weight of G, then R is necessarily a radical subgroup
of G. A weight (R, ¢) is a B-weight for an r-block B of G if ¢ is contained
in an r-block b of N(R) such that B = b¥, that is, B corresponds to b by
the Brauer homomorphism. In his paper [2], Alperin introduced the concept of
weight in the modular representation theory of finite groups and conjectured that
the number of weights of G should equal the number of modular irreducible
representations. Moreover, this equality should hold block by block. Here a
weight (R, ¢) is identified with its conjugates in G. Alperin and Fong in
[3] have proved this conjecture for symmetric groups and for finite general
linear groups when the characteristic » of modular representation is odd. The
author in [4, 5] proved the conjecture for finite general linear and unitary groups
when r is even. In this paper, we prove the conjecture for the finite unitary
groups when r is odd. Moreover, we prove the conjecture for odd dimensional
special orthogonal groups and give a combinatorial way to count the number of
weights, block by block, for both finite symplectic and even dimensional special
orthogonal groups when r and the defining characteristic p of groups are odd.
We may suppose p is different from r since the result is known when p is r
(see [2])-

In the first two sections, we describe the local structures of radical subgroups
of a finite classical group, and in §3 we count the number of weights when
the center of a radical subgroup is cyclic. The conjecture has been proved for
unitary groups in (4D) and for odd dimensional special orthogonal groups in
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(4G) and its remarks. Finally, the numbers of weights for symplectic and even
dimensional special orthogonal groups have been counted in (4F) and (4H)
respectively.

I wish to express my sincere thanks to Professor Paul Fong, my Ph.D. advisor,
for many corrections and suggestions. I also wish to thank Professor Bhama
Srinivasan for a lot of help.

1. THE GROUPS OF SYMPLECTIC TYPE

Throughout this paper we shall follow the notation of [3, 5, 7], and [12].
In particular, r is an odd prime and E is an extraspecial r-group of order
r27+1 with center Z(E) = (y). Then E = (x1, X2, ..., X2y—1, X2y) such
that [xpi_1, x2i] = x5;0 ) x5 x2ic1x2i = ¥, [x2, Xl = 1, for 1 < i <y,
[xi,xj]=1 for |i—j| >2, x{ =1 for i # 2. Thus E has exponent r or
r? according as x5 =1 or y. An r-group R is of symplectic type if R is a
central product of a nontrivial cyclic r-group Z and an extraspecial group E,
where Z(E) is identified with Q,(Z). If R > E, then R can be rewritten as
the central product of Z and an extraspecial group of exponent r, so that we
may suppose E has exponent r and E = Q;(R). Thus we may always sup-
pose E is characteristic in R. Let AutR be the automorphism group of R,
Inn R the group of inner automorphisms, and Aut’R = {o € AutR: [0, Z] =
1}. Since every ¢ in Aut’R restricts to an element Aut’E and every ¢ in
Aut’E extends to an element of Aut’R, it follows that Aut’R = Aut’E . De-

note
(1.1) K= { P, ) if E has exponent r,
' "\ Sp(2y — 2, r) x r2=D+1if E has exponent 2,

where r2?=D+1 denotes the extraspecial group of order 2(y — 1)+ 1 and expo-
nent 7, and Sp(0, r)xr! is interpreted as a group of order r. By [20, Theorem
1 or 15, p. 404] Aut’E = K x InnE (see also [3, p. 10]). In the following we
shall consider the embeddings of R into classical groups and determine the
local structures of these embeddings.

Let F, be the field of g elements and n = +1 a sign, where g is a power of
prime p distinct from r. We first consider the embedding of E in the groups
G = GL(n, nq). Here following [7], we denote U(n, g) by GL(n, —q). The
proofs of the following two lemmas are similar to that of [5, (1D), (1E), and
(1F)] and in the proofs such terms as orthogonal, orthonormal, and isometric
will have meaning only in contexts involving U(n, ¢) and unitary spaces, but
no meaning in contexts involving GL(%, ¢) and linear spaces.

(1A). Let E be an extraspecial group of order r**!' and G = GL(r?, nq). If
r divides q —n (written r|q — n), then G contains a unique conjugacy class of
subgroups isomorphic to E . Moreover, if r|lq — 1, then F, is a splitting field of
E.

Proof. Given 1 < i < y, let E; = (x3-1, x2;), and V; a linear space of
dimension r over F, or a unitary space of dimension r over F,. according
as n =1 or —1. Then E; acts faithfully, irreducibly, and isometrically on

Vi. Namely, let w be an rth root of unity in F,. and {vi, v, ..., vi} an
orthonormal basis of V;. If E has exponent r, then define
(1.2) X2i1: v} wlvl, X1 v o vl
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where 1 < j <r.If E has exponent r?, then define
wv] ifi=landj=r,

v!

(1.3) X2im1: V) o w/vl, X2it V) {
Jj+1

otherwise,
where 1 < j < r. Here subscripts on basis vectors are naturally read modulo
r. In particular, y: v+ wo! forall j.

Since E is the central product of the E;’s and the element y in Z(E;) is
represented on V; by the scalar matrix wI, E acts faithfully and irreducibly
on V=V®V®- - ®V,. To see that the actions are by isometries, we first
simplify notation and write

’U}|®’U}Z®”'®’U};=[jl>j2>"'aj}’]’ 1$ji$r~
The r” elements [j, j2, ..., jy] form an orthonormal basis for V. So
X2i—1- [jl’j2>""j}’]'_)wji[jlaj2’-"ajy]s
(1.4) S ) . C . .
xZi:[.’l,]2""’J}1]H[.}l’ oo ,.]i—la.]i+1’.]i+l9'~' 3])’]:

except when E has exponent r?, in which case the actions of x; for i # 2 are
given by (1.4) and

[j1+13j2"'°aj}’] ifjl#",
w[19j2>'-',j}'] lf.]l=r

Since basic vectors are mapped onto orthonormal vectors by generating elements
of E, E actson V by isometries, so that G contains a copy of E.

Suppose r|g — 1. Replacing w by w* for 1 < k < r in the proof above, we
get r — 1 faithful and irreducible representations of E. By [14, 5.5.4] E has
r— 1 nonlinear characters and all linear characters are realizable over F, since
E/Z(E) is an elementary abelian r-group. Thus F, is a splitting field of E.

(1.5) xzz[jl’jZ,"'aj}']H{

To prove the uniqueness, it suffices to show that if E is embedded as a
subgroup of G, then there exists an orthonormal basis of the underlying space
V such that (1.4) or (1.5) holds according as E has exponent r or r>. By
Schur’s lemma y = wXI for some integer 1 < k < r. We may suppose y = wl
since E = (xy, x5, x3, xk, ..., xpp_1, x§) and [x2i1, xk]= k.

Let W; = {v € V:xv =w/v} for 1 <j<r. Then V is the orthogonal
sum of the W;, so the W; for 1 < j < r are nondegenerate subspaces of V'
and they are permuted by x, cyclically

X2m=%, x22VV]=VI/3"“ax£I/Vl=PVI>
since x,x; = wxyx; . In particular, W; for 1 < j <r have the same dimension.
If y =1 and {v;} is an orthonormal basis of W, then {v;, xvy, ...,

x§"v. } is an orthonormal basis of V' and the actions of x; and x, on the basis
are given by (1.2) or (1.3) according as E has exponent r or r2. If y > 2, then
L =(x3, X4, ..., Xy) is an extraspecial group of order r?’=! and exponent r
acting faithfully on W,. We may suppose by induction that x3, X4, ..., X2y
act on W, by (1.4) relative to the orthonormal basis {[j2, j3, ..., j,]} of W,
where 1 < ji <r. Thus {[ji, j2,---» )l = X3 'Lz, v, i 1 S Ji S 1} s
an orthonormal basis of V' and X, x2, ..., X2, act on the basis by (1.4) or
(1.5). Thus any two embeddings of E in G are conjugate.
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Remark. (1) Suppose r|g —n and E is embedded in G = GL(n, nq) as a
subgroup such that y is represented by a scalar multiple of the identity matrix.
Then n = mr? for some integer m > 1, and there exists an orthonormal basis
{lr» j2s ..., Jylk} of the underlying space V' of G, where 1 < j; < r and
1 < k < m such that for each k the actions of x,;_; and x,; are given by (1.4)
or (1.5) with [jy, j2, ..., j;] replaced by [ji, j2, ..., jylx . In particular, by
(1A) such embedding of £ in G is uniquely determined up to conjugacy in
G . The proof of the remark is similar to that of the uniqueness of (1A) and
Remark (2) of [5, (1D)].

(2) Suppose r|g—n, E has exponent r, and E is embedded in GL(r?, nq)
as a subgroup. In the notation of (1A), we claim that V' has an orthonormal ba-
sis {[J1, j2, .-, Jy]'}, where 1 < j; <r such that the actions of x;;_; and xy;
for i > 2 are given by (1.4) with [}y, ja, ..., j,] replaced by [ji, j2, ..., j],
and

X1 [jl,jZ’ s ,j}']/ = [.]1 + l,jz’ .o ,j}’],,
X2 [jl: j27 ey j}’]/ Hw_h[jla j25 ey j}’]l'
Indeed let V/ = {v € V:xv = w/v} for 1 < j < r. Then V] are non-
degenerate subspaces permuted by x; cyclically. If y = 1 and {v;} is an
orthonormal basis of ¥/, then {[j;] = x{‘"'vl}, where 1 < j, <r, is a re-
quired basis. Suppose y > 2 and {[j2, j3, ..., jyI'}, where 1 < j; <r, is
an orthonormal basis of V| such that the actions of x3, ..., x;, on the ba-
sis are given by (1.4) with [j3, j3, ..., j,] replaced by [j2, j3, ..., jy) . Let
[jl ) j29 ey j}’]l =x{l_l[j2’ ceey j}']/- Then {[.jl’ j2’ ey j}’]I: 1 S.Il < r} isa
required basis.
(1B). Suppose rlg —n. Let G = GL(r", nq) and R = ZE an r-subgroup of
symplectic type of G, where Z = Z(G), and E is an extraspecial subgroup of
order r¥*! of G. Set C = Cg(R) and N = Ng(R). Then C = Z(G) = Z(N)
and if E has exponent r, then N/RC ~ Sp(2y, q). In addition, if R is radical
in G, then E has exponent r. Moreover, each linear character of Z(N) acting
trivially on O,(Z(N)) has an extension to N trivial on R.
Proof. By (1A) F,. is a splitting field, so that C = Z(G) = Z(N). The proof
of the last assertion is the same as that of [5, (1E)] with 2 replaced by r. If
R > E, then E may be assumed to have exponent r. The elements of N
induce automorphisms in Aut’E = Aut’R. Suppose E has exponent r and
acts on the underlying space V' of G by (1.4). We shall exhibit clements in N
which together with R generate Aut’E .
(1) Let g be the element in G such that
g: [jl’jZa .o ’ji, s ajy]H[jia j2, ce sjls oo sj)’]'
Then g7'x18 = X2i-1, & 'X2-18 = X1, & 'X28 = x2i, & 'x28 = X2, and
g 'xrg = x; for all other indices. Thus N contains a subgroup inducing the
symmetric group S(y) on the set {E;, E,, ..., E,}.

(2) Let {[j1, j2, j3, ..., Jy]'} be the orthonormal basis of V' given by Re-

mark (2), and g the element in G such that

g: [jl,jZ’ ~°',j7]IH[j1’j29 cee ,j}’]'
Then g7'x1g = x;!, g7'x8 = x;, and g~'xg = x, for k >
(1) for each 1 < i < y, there exists & € G such that A~ 1xy;_h

3. By
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h='x2;h = x3;_1, and h~l'x,g = x; for all other indices. Thus N contains a
subgroup inducing Weyl group of type C, on R/Z(R).
(3) Let g be the element in G such that

g: [jlajZ’j3"~'9jy]'_)[)‘jlaj2)j39---,j}'],

where 4 is a nonzero element of Z/Zr. Then g~ 'x1g = x*, g-lx,8 = x
and g~ 'x.g = x; for k > 2. In addition, let g be the element in G such
that

(1'6) g: [jla j29j3> e aj)']H []l +j2,j2’j3s e 9j)']'
Then g~'x1g = x1x3, g 'xsg = x4x;', and g~ 'x,g = x; for all other
indices. Since (x;, x3,..., x2y—1) and (X3, X4, ..., X2,) give a hyperbolic

decomposition of R/Z(R), the element g of (1.6) induces
1 1
0 1
1 0
-1 1
I

relative to this decomposition of R/Z(R). By (1) we may replace E; and E,
by E; and E; for 1 <i# j<y.Thus N contains a subgroup inducing

<(A (A_l),>:A€GL(y,r)>
on R/Z(R).

(4) We claim there are elements in N inducing

(" 7)
I
on R/Z(R) for any X such that X’ = X . By (3) it suffices to show this when
X = diag{1,0,0, ..., 0}.
Indeed, let g be the element in G such that

(L.7) g Uity jos-ens iyl w™ OV G gy ],

where w is the rth root of unity in F,. given by (1.4). Then g xg =x1x2,
and g~ !x,g = x; for all other indices. Thus the claim holds.

By (3) and (4) N contains a subgroup inducing a Borel subgroup of Sp(2y, r)
on R/Z(R). Thus N induces Sp(2y,r) on R/Z(R). Suppose R is radical
in G. If E has exponent r2, then R = E and the element g defined by (1.7)
lies in N\R. Moreover, as shown in the proof of [20, p. 166], g induces an
element of Z(K), where K ~ Aut’E/InnE is given by (1.1). Let Q = (g, E),
so that Q < N. We claim that Q < O,(N). Indeed for any » € N, h
induces an element of Aut’E . Replacing & by hx for some x € E, we may
suppose & induces an element of K. Thus [k, g] induces a trivial action on
E and then [k, g] € C = Z(G), so that hgh~! = zg for some z € C and
z € 0,(C)=Z(R) since zg and g are r-elements. So 4 normalizes Q and
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the claim holds. It follows that R is nonradical in G and we may suppose E
has exponent r. This proves (1B).

We now consider the embedding of R into finite classical groups. Let G =
U(n, q), Sp(2n, q), O2n+1, q),or O"(2n, q), and let V' be the underlying
space of G, where n = +1. If V' isa symplectic or orthogonal space, we always
suppose the characteristic p of F,; is odd. Moreover, we denote by I(V') the
group of isometries of V', Iy(V) the subgroups of I(V) of determinant 1, and
n(V) the type of V if V is orthogonal. For simplicity, we set n(V) =1 if V
is symplectic.

We define the integers e, a, and signe = +1 as follows: In the case G =
U(n, q), let e be the order of —g modulo r and ¢ =1 or —1 according as
e is even or odd; in the remaining cases, let e be the order of g?> modulo r
and ¢ the sign chosen so that ¢ divides g° — ¢. In all cases, let r* be the
exact power of r dividing g2 — 1. In the case G = U(n, q), our definition of
e above is different from that of [11, p. 125]. In fact, if r|g¢ + 1, then our e
is the same as that of [11]. If r|g¢ — 1, then our e is the double of that of [11].

We recall that there exists a set ¥ of polynomials serving as elementary
divisors for all semisimple elements of each of these groups. First suppose G =
U(n, q) . For each monic polynomi~al AX)=X"+ap X" 14 a1 X +a
of F,:[X] with nonzero roots, let A(X) = (a;')?X™A%(X~!). Then define

F = {A: A is monic, irreducible, A # X, A=A},
FH = {AZ: A is monic, irreducible, A # X, A # Z} ,
and & = U%. Suppose G is a symplectic or orthogonal group. For each

monic polynomial A(X) in F,[X] with nonzero roots, let A(X)* be the monic
polynomial in F,[X] whose roots are the inverses of the roots of A(X). Define

Fo={X-1,X+1},
& = {A: A is monic, irreducible, A# X, A# X +1, and A=A*},
& = {AA*: A is monic, irreducible, A# X, A# X +1, and A # A*},

and & = HUFAUA. Given I' € F , denote dr its degree and Jr its reduced
degree defined by

dqr ifG=U(n,q)andT e AUSA,
or=cdr ifG#U(n,q)andT'e %A,
jdr ifG#£U(n,q)andTe AU .
Thus Jr is an integer. We define a sign ¢r for I' € & by
e ifTFe%,
8r={—1 ifI'e %,
1 iflFe&.

Given a semisimple element s € G, there exists a unique orthogonal decompo-
sition

(1.8) V=3 %), s=[[sm),
r r
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where the Vi(s) are nondegenerate subspaces of V, s(I') e U(¥V(s)) or I(V1(s))
according as V is or is not a unitary space, and s(I') has minimal polynomial
I' € & . The decomposition (1.8) will be called the primary decomposition of
s in G. Let mp(s) be the multiplicity of I" in s(I'). Then

(1.9) Cs(s) = [[ (s,
r
where Cr(s) = Cuys))(S(I) or Cyupsy(s(I')) . Moreover, by [11, (1A)] or

[12, (1.13)]
(110) Cl"(s) - { GL(mr(S), grqal") 1fl"€«71U.%.

A semisimple element s € G is primary if s =s(I').

Suppose V is a symplectic or orthogonal space and s decomposes as (1.8).
Let nr(s) be the type of Vr(s), where nr(s) = 1 forall ' € & if V is
symplectic. So s lies in Io(V) if and only if my.,(s) is even. By [12, (1.12)],
the multiplicity and type functions I — mr(s), I' — nr(s) satisfy the following
relations

dimV = z drmr(s) s
r

(1.11) nv)=(-1 )(q—l)/me—n(S)mX+1(s) H nre(s),
r

n(Vi(s)) = ef™ forT € S U, and V orthogonal.

Conversely, if I' — nr, ' — nr are functions from & to N, {£1} respectively
satisfying (1.11) with mp(s) and #r(s) replaced by nr and #nr, then there
exists a semisimple element s of I(V) with those functions as multiplicity
and type functions. Moreover, two semisimple elements s and s’ of I(V) are
conjugate in I(V) if and only if mp(s) = mr(s’) and nr(s) = nr(s’) .

Let Z = (z) beacyclic r-group of order r#** with o > 0, E an extraspecial
r-group of order r?»*! and R = ZE a group of symplectic type with Z(R) =
Z . Moreover, we may suppose E has exponent r if R> E.

(1C). Let G=U(n, q), Sp(2n,q), O2n+1,gq), or O"(2n, q), where n =
+1. Suppose F and F' are two embeddings of R in G such that ¥(z) and
F'(z) are primary elements of G. Then n = mer*t’ for some m > 1, F(R)
and F'(R) are conjugatein G, and n=¢™ if G=0"(2n, q). Identify R with
F(R) andlet C = CG(R), N = Ng(R), and N°={g e N:[g,Z]=1}. Then
C ~GL(m, eq°™). Furthermore, suppose R is a radical subgroup of G.

(1) E has exponent r and N° = LC, where R L, LNnC =Z(C) =
Z(Cg(z)) = Z(L), L/RZ(L) ~ Sp(2y,r), and [C, L] = 1. More-
over, each linear character of Z(L) acting trivially on O,(Z(L)) can be
extended as a character of L acting trivially on R.

(2) N/NO ~ Ng(Z)/Cg(Z) is cyclic of order er* or 2er® according as
G=U(n,q) or G#U(n,q).

Proof. Since both Z(F(R)) and Z(F'(R)) are cyclic groups of order r*** gen-
erated by primary elements F(z) and F'(z) respectively, they are conjugate
in G, so that we may suppose Z(F(R)) = Z(F'(R)). Thus F(E) and F(E)
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are subgroups of Cg(F(z)). Let H = C5(F(z)) and I' be the unique elemen-
tary divisor of F(z). Then H ~ GL(mp(F(z)), q®”) and the two embed-
dings F(E) and F'(E) of E in H can be viewed as embeddings of E in
GL(mr(F(z)), €¢°") in which a generator y of Z(E) is represented by scalar
multiples of the identity matrix. It then follows by Remark (1) of (1A) that
F(E) and F'(E) are conjugate in H and mr(F(z)) = mr? for some m > 1.
So F(R) and F'(R) are conjugate in G,and n =& =¢™ if G=0"(2n, q).

Identify H with GL(mr?, eq¢"). Let W be the faithful and irreducible
representation of E in GL(r?, e¢®") given by (1A), and let L, be the normal-
izer of W(E) in GL(r?, eq°"). Then the commuting algebras of L, and E
on the underlying space of GL(r?, eq®"") are Fgere O Fpore according as & = 1

or —1. Moreover, if E has exponent r, then L,/Z(L,) ~ Aut’E . By Remark
(1) of (1A) F(E) in H can be viewed as an m-fold diagonal embedding of E
into GL(mr?, eq®") given by
b4
g
(1.12) . , gEW(E).

4

In particular, C = Cy(F(R)) ~ GL(m, €¢°”). Let L be the image of L, under
(1.12), so that F(R) 9 L, L < N° = Ny(F(R)), Cyx(L) = Cx(E) = C, and
[L,C]=1. Suppose F(R) is radical in G and E has exponent r?, so that
R = E. As shown in the proof of (4) of (1B), there exists an r-element x of L,
such that x ¢ W(E) and x induces an element of Z(Aut’E/InnE), so that
the image w of x under (1.12) isan r-element of L\F(E). If Q = (w, F(E)),
then Cy(F(E)) = Cy(Q) = C. Since N° & N and F(E) is radical in G, it
follows that F(E) = O,(N%) and each element of N° induces an element of
Aut’E, so that w induces an element of Z(Aut®E /InnE). We claim Q <
O,(N®). Indeed for each & € N°, we may suppose /4 induces an element of
Aut’E/Inn E and then [A, w] acts trivially on E, so that [A,w] € C. Since
h normalizes C and w commutes with C, [h, w] commutes with C and
hwh™! = gw forsome g € Z(C) = Z(H). Since gw and w are commutative
r-elements, g is an r-element of Z(H), so that g € O,(H) < F(E). Thus A
normalizes Q and Q < O,(N?). This is a contradiction and E has exponent
r.
Identify R with F(R). Since L/Z(L) ~ Aut’R and N induces a subgroup
of Aut’R, it follows that N° = LC. Thus Z(H) < Z(N° < Z(L)Z(C),
Z(LYSXZ(C)=Z(H),and LNC<Z(C),sothat Z(L)y=Z(H)=Z(C) =
LN C. The last assertion of (1) follows by (1B) since L ~ L,. Finally,
NG(Z)/Cg(Z) is cyclic of order er® or 2er® according as G = U(n, q) or
G #U(n, q) by [11, (3D)] or [12, (5B)]. Suppose g generates Ng(Z) modulo
C6(Z). Then E and g~'Eg are extraspecial subgroups of H = Cg(Z), and
they are conjugate in H by Remark (1) of (1A), so that h~'g~'Egh = E
for some # € H and gh € N. On the other hand, N < Ng(Z) and N° =
NN Cg(Z), so that N/N° ~ Ng(Z)/Cg(Z) and (1C) holds.

Remark. In the notation of (1C),let E = (x, X2, ..., X2,), R' = (x1, x3, ...,
X2y—1, Z). Identify R with F(R) and R’ with F(R’). Then R’ <4 R and
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C(R") = Cy xCyx---x C, is a regular subgroup G, where C; ~ GL(m, eg¢")
for all i. Indeed by Remark (1) of (1A) we may suppose the underlying space
of H = Cs(Z) has an orthonormal basis {[ji, j2,..., jylk}, where 1 < j; <r
and 1 < k < m, such that the actions of x;, x3, ..., X2, on the basis are given
by (1.4) or (1.5) with [j;, j2,..., Jjy] replaced by [ji, j2,..., jylx. Thus
each x,;_; is a diagonal matrix with respect to the basis for 1 < i < y, so
Cu(R) = Cg(R')=C; x Cy x -+ x Cpr, where C; ~ GL(m, eq®") forall i.

2. THE RADICAL SUBGROUPS

In this section we shall give a description of the radical subgroups of classical
groups. We first consider the unitary group G = U(n, q).

For integers o > 0 and y >0, let Z, be a cyclic group of order r?t*, E, an
extraspecial group of order r*! and Z,E, a central product over Q;(Z,) =
Z(E,). By (1A) Z,E, can be embedded as a subgroup of GL(r?, ¢g°"") such
that Z, is identified with O,(Z(GL(r", eq°"))). Let A, be a polynomial in
& having a primitive r%*°th root of unity as a root. The degree of A, is er®
(cf. [11, p. 126]), so that U(er**’, gq) has a primary element g with A, as a
unique elementary divisor of multiplicity r*. By (1.10)

C(g) ~GL(r", &g°").

We may identify GL(r”, eq®”") with C(g), so that GL(r”, eq®") is embedded
as a subgroup of U(er**?, q) and Z, = (g). Let R,,, be the image of Z,E,
under the composition

Z.E, — GL(r", £g°") — U(er**?, q).

Since Z, = (g), a generator of Z(R,,,) is primary, so that by (1C) R, , is
uniquely determined by Z,E, up to conjugacy. For integer m > 1,let Ry, 4,5
be the image of the m-fold diagonal mapping of R, , in U(mer®*?, q) given
by

g

g
g . s gERa,y-

b4
Then a generator of Z(Ry, 4,,) is the image of a generator of Z(R,, ;) un-
der the embedding above, so that it is primary in U(mer®*?, gq) and then
Ry o,y is uniquely determined by m and Z,E, up to conjugacy. Let Cy, 4.,
and N, ., be the centralizer and normalizer of R, ,, in U(mer**?,q),
and let N,(,),’a’), = {g € Nm,a,y: g, Z(Rm,a,y)] = 1} By (1C) CM,OI,}’ =
GL(m, g )®I, , where I, is the identity matrix of order r” and GL(m, €g°")
® I, is the group {g®I,: g € GL(m, &¢°")}. If Ry q,, is radical, then E,
has exponent 7, NJ ., = Lm,a,yCm,a,y, and Ny o /Ny o, is cyclic of

a,y

order er*, where L, . , is a subgroup of N,?,’a,y containing R, o,y such
that Lm,a,y n Cm,a,y = Z(Lm,a,y) = Z(Cm,a,y) ’ [Lm,a,}" Cm,a,}'] =1, and
Ly,a,y/Z(Lm,a,y)Rm,a,y =~ SP(2y, r). In particular, R, ., is uniquely de-
termined by m, a, and y up to conjugacy. Moreover, each linear character of
Z(Ly ,q,y) acting trivially on O,(Z(Ly,,a,,)) can be extended as a character of
Ly o,y trivialon Ry, o 5.
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For integer ¢ > 1, let A, denote the elementary abelian r-subgroup of order
r¢ represented by its regular permutation representation. For any sequence
c=(c, ¢, ..., ¢) of nonnegative integers, let 4. = A, 1A, 1---1 A, , and let

Rm,a,y,c = Rm,a,y1 4

be the wreath product in U(d, q), where d = mer®t?+a++& Then Ry, qa,y,c
is determined up to conjugacy in U(d, q). By [3, (1.4)], which applies to
U(d, q) with some obvious modifications,

(2-1) CU(d,q)(Rm,a,y,c)=Cm,a,y®1ca

where I is the identity matrix of order u = rat2*t "+ and Cp o, ® I is
defined as before. Moreover,

(2.2) Nu(d,q)(Rm,a,y,c) = (Nm,a,7/Rm,a,y) ® NS(“)(Ac) >
NU(d,q)(Rm,a,y,c)/Rm,a,)’,c = (Nm,a,y/Rm,a,y) X GL(CI s r) X+ X GL(CIa r)a

where (Npm . o,y/Rm,a,y) ® Nsw)(4c) is defined as [3, (1.5)]. The proof of (2.2)
is the same as that of [3, (4.1)] with GL replaced by U and some obvious
modifications. We shall call R, ,,,,c a basic subgroup of U(d, q), d the
degree d(Ry o,y.c) Of Rm o,y c,and [ the length [(Ry o,y,c) Of Rm a,y,c-

Let V be a unitary space over F,., or a symplectic or orthogonal space over
F, with type n = +1 if V is orthogonal. Let G = U(V) or I(V), and let
R be an r-subgroup of G. We shall say that an R-submodule W of V is
nondegenerate or totally isotropic if W is respectively a nondegenerate or a
totally isotropic subspace of V.

(2A). Let R be an r-subgroup of G. Then V has an R-module decomposition
(23) V=VlJ-VZJ-"'-LVv-L(Uv+l@U1,;+l)J-"'J-(Uw@U1:,)a

where the Vi for 1 < i < v are nondegenerate simple R-submodules, the U;
and U} for v+1 < j < w are totally isotropic simple R-submodules such
that U; ® U] is nondegenerate and has no proper nondegenerate R-submodule.
Moreover, if R is abelian and the set of vectors [V, R] moved by R is V , then
v=0 or v=w accordingas e=1 or —1.

Proof. The first half of (2A) follows by the proof of [5, (1B)]. Suppose R is
abelian and [V, R] =V . Let F; be the representation of R on ¥; or U;® U/
accordingas i<v or i>v+1.If i <wv,then V; is a simple R-module and
the commuting algebra D of R on V; contains F;(R). If i >v + 1, then U;
is a simple R-module and the representation of R on U] is the contragredient
of the representation W of R on U; composed with a field automorphism.
Thus the commuting algebra D of R on U; contains W(R). Since D is a
field and D* = D\{0} is a cyclic group, F;(R) is cyclic generated by g; for
some g; € I(V;) or I(U;® U]) according as i <v or i >v+1, so that V; or
U; is a simple (g;)-module. By (1.8) g; is primary with a unique elementary
divisor I' € #A U of multiplicity 1. Since g; is an r-element, it follows that
I'e & or % according as ¢ = —1 or 1. Thus the underlying space of F;(R)
has the form V; or U; @ U] according as ¢ = —1 or 1. This proves (2A).
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(2B). Let G = U(V), R a radical r-subgroup of G, and N = Ng(R). Then
there exists a corresponding decomposition

V=VyLlViL---1V,, R=RgxR;x-- xR

such that Ry is the trivial subgroup of U(Vy) and R; is a basic subgroup of
U(V;) for i > 1. Moreover, the extraspecial components of R; for i > 1 have
exponent r.

Proof. Let V= Cy(R) be the set of vectors in V' fixed by each element of R
and V, =[V,R]. Then V =V, L V, and R = Ry x R}, where Ry = (ly,)
and R, <U(V,). So N =U(Vp) x Nyw,)(R;) and R, is necessarily radical
in U(V,). We may suppose V = V, by induction. Let F be the natural
representation of R in G. The same proof with some obvious modifications
as that of [5, (2B)] shows that R can be reduced to the following case: Every
characteristic abelian subgroup of R is cyclic and V = wV; for some w > 1
such that either V] is a nondegenerate simple R-module or ¥; decomposes as
Ui ®U{, where U; and Uj are totally isotropic simple R-modules and ¥; has
no proper nondegenerate R-submodule. In particular, Z(F(R)) is cyclic.

By a result of Hall, [14, 5.4.9], R is a group ZE of symplectic type, where
Z is a cyclic r-group and E is an extraspecial r-group of order r2+!. Thus
Z(F(R)) = F(Z) and we may suppose F(Z) = (z). Let H = C(F(Z)) and
C = C(F(R)). Then F(R) < H and C < H,so Z(H) < C. Since F(R) is
radical in G and C 4 N, it follows O,(C) < Z(F(R)), so that O,(Z(H)) <
O,(C) < Z(F(R)) and O,(Z(Cg(z))) < F(Z). Thus O,(Z(Cgs(2))) is cyclic
and by (1.9) and (1.10) z is primary with a unique elementary divisor I" €
& . So H ~ GL(mr(z), eq’r). Identify H with GL(mr(z), eq’). Then a
generator of F(Z(E)) is represented by a scalar multiple of the identity matrix,
so that mp(z) = mr? for some integer m > 1 by Remark (1) of (1A). Since
O.(Z(H)) <F(Z) and z € O(Z(H)), F(Z) = O.(Z(H)), so that |Z| = r**+
for some integer o > 0. By (1C) R = Ry, ,,, and E has exponent r. This
proves (2B).

Let (R, ¢) be a weight of G = U(V) and let
V=WiWV1l---1V, R=RyxR| x---x R,
be the corresponding decomposition of (2B). We define

Vim,a,7,¢)=3_V, Rim,a,y,0)=]]R;,
i i

where i runs over all indices such that R; = Ry 4,,c-
(2C). With the preceding notation
N(R) = U(VO) X H NU(V(m,a,y,c))(R(ma a,y, c)) s

m,a,y,c

N(R)/R = U(VO) X H NU(V(m,a,y,c))(R(ms a,y, c))/R(m, a,y, C).

m,a,y,c

Moreover,
Nowm,a,y,ep)(R(m, a, 7, ¢) = Nyw, ., Rm,a,y.ec) 1Su),
Nuwm,a,y,0p(R(Mm, a,y,¢)/R(m,a,y,c¢)
= (NU(n 0y (Rm,a,7,6)/Rm,a,y,e) 1S(u),
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where Vo 5 c 18 the underlying space of Ry, o,,,c and u is the number of
basic components Ry o,y,c in R(m, a,y,¢).

Proof. The proof of [3, (4B)] can be applied here with GL replaced by U and
some obvious modifications.

We now consider radical subgroups of classical groups and as before, we
suppose ¢ is odd. For integers > 0 and y > 0, let A, be a polynomial
in ¥ having a primitive r4**th root of unity as a root. Then the degree
of A, is 2er® and A, € # or % according as ¢ = —1 or 1 (see [12,
(5.1)]). Let V¥, , be a symplectic or orthogonal space over F, of dimension
2er**? and n(V,,,) = ¢ if V, , is orthogonal. Then by (1.11) I(V,, ) has a
primary element g with a unique elementary divisor A, of multiplicity r’.
By (1.10) Cyy, ,(g) = GL(?, €g¢”") and we may identify these two groups.
By (1A) Z,E, can be embedded as a subgroup of GL(r", eg®”") such that
Z, = O,(Z(GL(r", eq°""))) , where Z,E, is defined as before. The image R, ,
of Z,E, under the composition

ZoEy = GL(r", ¢4°") = I(Va, )

is then determined up to conjugacy. A generator of Z(R,,,) is primary, so by
(1C) R,y is uniquely determined by Z,E, up to conjugacy.

For integer m > 1,1let Vi oy =Va,y L Vo y L+ LV, , (m terms), and
let R, q,, be the image of the m-fold diagonal mapping of R,,, in I(Vin,a,y)
given by

4

g
g . , g€ER,,,.

g
The same proof as the unitary case shows that R,, ., is also uniquely de-
termined by m and Z,E, up to conjugacy. In addition, n(Vy; ,,) = €™ if
Vin,a,y is orthogonal.

Let Cp,o,y and N, o,y be the centralizer and normalizer of R, o,, in
I(Vim,a,y) respectively, and let NJ, . = {g € Nm,a,y: (&, Z(Rm,qa,y)] =
1}. Then NS ., < Nm,a,y, and by (1C) Cp,a,y =~ GL(m, ¢°") ® I,
where I, is the identity matrix of degree r’ and GL(m, eg®”) ® I, is de-
fined as in the unitary case. In particular, if R,, ,,, is radical in I(Vin,a,y),
then Ry o,, has exponent r,N% , . = Ly a,yCm,a,y, and Npy o /N o 5
is cyclic of order 2er*, where Ly o,y N Cn o,y = Z(Lm,a,y) = Z(Cm,a,y)>
[Lm,a,y, Cm,a,y] =1, Rm,a,y < Lm,a,ya and Lm,a,y/Z(Lm,a,y)Rm,a,y =
Sp(2y,r). So Rpy,a,y is uniquely determined by m, a, and y up to con-
jugacy in I(V,, o,,). Moreover, by (1C) each linear character of Z (L, 4,y)
acting trivially on O.(Z(Lm,q,y)) can be extended as a character of L, ,,,
acting trivially on Ry, o 5.

For each sequence ¢ = (¢, ¢, ..., ¢) of nonnegative integers, let

Vm,a,y,c= Vm,a,yJ-Vm,a,yJ-"'—LVm,a,y (u terms),
Ac=AcllAczl"'lAc,, Rm,a,y,c':Rm,a,ylAc,

where u = ratetta and each A is defined as before. Then R, 4 ,,c is
determined up to conjugacy in I(Vp a,y,c) and 7(Vin,a,y,c) = €™ if Vipa,y,ec

(2.4)
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is orthogonal. By [3, (1.4)] with some obvious modifications

CI(Vm_a_,,c)(Rm,a,y,c) = Cm,a,y ®I,

where I is the identity matrix of order u and the right-hand sides is defined
as before. Moreover, the same proof as that of [3, (4.1)] with GL replaced by
I shows that

Nivp oy oRm,a,y,¢) = (Nm,a,y/Rm,a,y) ® Nsw)(4e) »
(2'5) NI(Vm,a,,,c)(Rm,a,y,c)/Rm,a,y,c
= (Nm,a,y/Rm,a,y) X GL(c1, r) x --- x GL(¢y, 1),

where (Nim,a,y/Rm,a,y) ® Nsw)(Ac) is defined as [3, (1.5)]. We shall call
Ry a,y,c abasicsubgroupof I(Viy o,y,c), dimVy, o 5 c thedegree d(Rm a,y,c)
of Ry ,a,y,c, and [ the length I[(Ry o,y,c) Of Rma,y,c-

(2D). Let V be a symplectic or orthogonal space over ¥,, G = I(V') the group
of all isometries of V, and R a radical subgroup of G. Then there exists a
corresponding decomposition

V=Wilhhi---1V, R=Ryx Ry x---XRy,

such that Rq is the trivial subgroup of I(Vy) and R; is a basic subgroup of
I(V;) for i > 1. Moreover, the extraspecial components of R; for i > 1 have
exponent r.

Proof. Let V5 = Cy(R) and V, = [V,R]. Then V =V, L V, and R =
Ry x Ry, where Ry = (ly;) and R, < I(V,). In particular, N(R) = I(Vp) x
Nyw,)(Ry) and R, is necessarily a radical subgroup of I(V,). By induction
we may suppose V' =V, . Thus Z(R) is abelian and [V, Z(R)] = V. By (2A)
we may write the Z(R)-module V as

V=mViLmVoL--- L m,Vy,

where each V; is either a nondegenerate simple Z(R)-submodule or a sum
Ui U] of totally isotropic simple Z(R)-submodules U;, U/ according as & =
—1 or 1, and m; is the multiplicity of V; in V forall i > 1. If ¢ = -1,
then r|g® + 1 and F ..~ is the commuting algebra of Z(R) on V; for some
a; > 0 since [V;, Z(R)] = V; and Z(R) is an r-group. Similarly, if ¢ =1,
then rlg¢ -1, V; = U;® Uj, and F jerei is the commuting algebra of Z(R)
on U; for some integer a; > 0. In all cases dim V; = 2er® . Let N = {g €
N(R): [g, Z(R)] = 1}, and let H = Cg(Z(R)). Then h(m;V;) = m;V; for
h € H and all i > 1. Thus there exists a corresponding decomposition

H=H, x Hyx---x Hy

such that H; ~ GL(m;, eg¢"") < I(m;V;) forall i > 1. Since R is radical and
N°® 4 N, it follows O,(N°) < O,(N) = R. On the other hand, R < N° and
NO® = Ny(R), so R=0,(N° and R is radical in H.

Let R; be the group of linear operators which agree with an element of R
on m;V; and are the identity on m;V; for j # i. Then N° permutes the pairs
(m;V;, R;) for 1 <i<w,sothat R< N°NR; xRy x---x Ry, < NO. It follows
that R = R; xRy x---xRy, and R; = O,(N;), where N; = Ny,(R;). Thus R; is
radical in H; forall i. By induction on dim V' , we may suppose w = 1, so that
V=mV,, R=R,, H=H;,and Z(R) = Z(R);) is cyclic generated by some
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x € I(V). But H = Cg(x) and O,(Z(H)) < O,(H), so O,(Z(H)) < Z(R).
By (1.9) and (1.10) x is primary in G. Apply [3, (4A)] or (2B) to H =~
GL(m;, eq°""). So R is a basic subgroup Ry 4,,,c of H,where m, y, a are
integers, and ¢ = (¢, ..., ¢;) is a sequence of nonnegative integers such that
a > ay, and meret’tatta = mier® . Moreover, the extraspecial components
of Ry ,a,y,c have exponent r. In particular, dimV = 2mere*t’+a+-+a and
n(V) =¢em =¢™ if V is orthogonal. Thus (V) has a basic subgroup R’
of the form R, ,,,,. defined by (2.4), where the extraspecial components of
R’ have exponent r. So Z(R) and Z(R’) are cyclic generated by primary
elements of order r4** in I(V), and they are conjugate in I(V). Thus we
may suppose Z(R) = Z(R'), so that R’ < H. By definition R’ still has the
type Rm,a,y,c as a subgroup of H, so that R’ and R are conjugate in H.
Thus R =Ry, 4,y,c is a basic subgroup of I(V) and (2D) follows.

Remark. In the notation of (2B) or (2D), suppose ¢ # 0. Then there exists
an element p of Z(R) such that (1) |p| = r%; (2) [V, pl = ¥, Vi; (3)
the restriction of p on [V, p] is primary. Such an element exists by (2B) or
(2D) and will be called a primary element of R. If p is a primary element
of R, then (p) is uniquely determined by R up to conjugacy and Cg(p) ~
U(Vy)xGL(m, €q¢) or Cg(p) ~ I(Vo)xGL(m, eq¢) for some m > 1 according
as G=U(V) or I(V).

Let (R, ¢) be a weight of G =I(V') and let
V=WiWlil---1LV, R=Ryx Ry x--- xRy,

be the corresponding decomposition of (2D). We define
Vim,a,7,¢)=3_V,, R(m,a,7,0)=][[Ri,
i i

where i runs over all indices such that R; = Ry o,y,c-
(2E). With the preceding notation
NR) =I)x ] NMwmayr.op®R(m,a,7,0),

m,a,y,C
N(R)/R=I(I/O)X H NI(V(m,a,y,c))(R(ma a, V,C))/R(mya, ‘y,C)-
m,a,y,c
Moreover,
Nivim,a,y,e)(R(M, a, 7,¢€) = N, .., o(Rm,a,y,e) 1S(4),
Nivim,a,y,ep(R(m, o, y,¢))/R(m, a,y,c)
= (NI(Vm,a.r,c)(Rm,a,y,c)/Rm,a,y,c)Is(u) >
where Vi o.y,c is the underlying space of Ry o y,c and u is the number of
basic components Ry, o,y,c in Rim,a,y,¢).

Proof. The proof is essentially the same as that of [3, (4B)] with GL replaced
by I and some obvious modifications, except the minimal elements of &; have
dimension 2mer>*? when R; = Ry o,,.c, Where & is defined there.

3. MORE ON BASIC SUBGROUPS

Let R be a radical subgroup of a finite group G, N = N(R), C = C(R).
The stabilizer in N of an irreducible character § of CR will be denoted by
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N(6) . We denote the sets of irreducible characters of N(6) and N which cover
6 and which have defect 0 as characters of N(6)/R and N/R respectively
by Irrf®(N(6), 6) and Irf’(N, 6). By Clifford theory the induction mapping
w — I(y) = Ind} () induces a bijection from Irr(N(6), 6) to Irr’(N, 6).
Since w(1) = d(w)0(1) for some integral divisor d(y) of (N(8): CR), it
follows that (R, I(y)) is a weight of G if and only if

(3.1) d(y)r=(N(): CR),,  6(1),=(CR:R),,

and in particular, 6 then has defect O as a character of CR/R. In this case
the block b of CR containing 6 has a defect group R and the canonical
character 6. Moreover, for any y of Irt’(N(6), 8), I(w) is a character of
bY and (R, I(y)) is a b%-weight of G. Following [3, p. 3] all B-weights for a
block B of G have the form (R, I(y)), where R runs over representatives for
the conjugacy G-classes of radical subgroups, b runs over representatives for
the conjugacy N(R)-classes of blocks of C(R)R such that b has defect group
R and b° = B, and y runs over If®(N(), 6). Here @ is the canonical
character of b. A pair (R, b) of an r-subgroup R of G and a block b of C
is called a Brauer pair of G . In particular, pairs (1, B) correspond to blocks
B of G.

Now we consider the unitary group G = U(n,q). Given I' € &, let
er, ar, mr be integers defined as follows: er is the multiplicative order of
erg®™ modulo r, r°r = (dr),, and mrer®r = drer. By [7, (3.2)] the Brauer
pairs (R, b) of G are labeled by ordered triples (R, s, x), where s is a
semisimple r’-element of a dual group G* of G, and k¥ = [[rcskr is a
product of partitions kr such that each xr is an er-core of a partition of the
multiplicity mp(s) of I' in s. This labeling extends the labeling [11, (5D)]
by Fong and Srinivasan for blocks B of G by ordered pairs (s, k). Since
G* ~ G, we may identify G* with G.

Let &' be the subset of F consisting of polynomials whose roots have r'-
order. In[11, (5A)] each T in &' determines a block Br of Gr = U(erdr, q)
with defect group Rr = Ry op,0 as follows: Let Cr = Cg.(Rr), Nr =
Ng.(Rr), so that Cr ~ GL(mr, ¢g°") and Nr/Cr is cyclic of order erer.
Then Cr has a block br with defect group Rr and label (sr, -) in Cp such
that as an element of G}, sr is primary with a unique elementary divisor I'
of multiplicity er. If Or is the canonical character of br and N(6r) is its
stabilizer in Nr, then (N(6r): Cr) = er. The block br induces a block blg" of
Gr which will be denoted by Br. Since (er, r) = 1, Br has a defect group Rr
and the label (sp, -) (see [7, 3.2]). We shall also write sr as erl". Conversely,
let G =U(mer>, q), and B a block of G with defect group R =R, o,0. By
[11, (4B) and (5A)] (m,r) = 1 and there exists a unique I € &’ such that
I' and B correspond in the preceding manner. In particular, m = mr and
a=ar.

The proofs of the following two lemmas are similar to that of [4, (3A) and
(3B)].

(3A). Given T € &', let G=U(r'erdr, q), R= R o,y a basic subgroup of
G,and C = Cg(R). Then C = Cr®]I,, where I, is the identity matrix of order
r? . The irreducible character 6 = 6r® 1, of C defined by 6(c®1I,) = 0r(c) for
c € Cr is then a character of defect 0 of CR/R, and |Irt°(N(6), )| = er.
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Proof. All statements but the last are clear. Let N = Ng(R), and NO the
subgroup {g € N:[g, Z(R)] =1} of N. By (1C) N° = LC and N/N° is
cyclic of order erer, where R< L, LNnC =Z(L)=Z(C), [L,C] =1,
and L/Z(L)R ~ Sp(2y, r). Moreover, each linear character of Z(L) acting
trivially on O,(Z(L)) can be extended as a character of L trivial on R. Thus
NO < N(6),and N(6)/NO iscyclic. An irreducible constituent of the restriction
of 8 to Z(C) is alinear character trivial on O,(Z(C)) and so has an extension
& to L trivial on R. Thus &6 is an extension of 6 to N°. Since N°/RC ~
L/Z(L)R ~ Sp(2y, r), the Steinberg character St of N°/RC can be regarded
as a character of N9 trivial on CR. Thus 9 = Sté@ is irreducible since
its restriction to C is irreducible. By (3.1) ® € Irrf°(N°, 6). Suppose y
is a character of IrrO(NO, 0). Then by Clifford theory y = &6 for some
irreducible character y of N? trivial on C. Since y and &6 act trivially on
R, x acts trivially on R, so that y is an irreducible character of N°/CR.
Since y has defect 0 as a character of N°/R, x has defect O as a character
of N%/RC ~Sp(2y, r). Thus y =St and Irr®(N?, 0) = {8}. If N(®) is the
stabilizer of ® in N, then N(6) = N(8) and Irr°(N(6), 6) = It (N (D), 9).

By (1C) a generator ¢ of N/N° induces a field automorphism of order
er’r on C(Z(R)) ~ GL(mrr?, eg¢""). Since C = Cr ® I, is a subgroup of
C(Z(R)) invariant under ¢, o also induces a field automorphism of order
err on C. But a generator g; of Np/Cr also induces a field automorphism
of order er* on Cr ~ GL(mr, eq®""). By replacing generators, we may
suppose o induces a; on Cr. It follows that N(6)/N° ~ N(6r)/Cr and
|N(6)/N®| = |N(6r)/Cr| = er. Since N(8)/N° is cyclic, 9 extends in er ways
to irreducible characters of N(3) which cover ¥, and since er is prime to r,
these extensions are in Irf®(N(9), 9).

Remark. The weights (R, I(y)) of G for y € Irt°(N(9), 0) are B-weights,
where B is the block of G labeled by (r’erI’, =), I is the induction operator
from N(6) to N, and r’erI’ represents an element of U(r’erdr, g) with a
unique elementary divisor I of multiplicity r’er. Indeed, if b is the block of
C containing 6, then (R, b) is labeled by (R, r’erI’, -) and the weights are
bS%-weights. Moreover, by [7, 3.2] bC is labeled by (r'erl’, -).

Given T € &', let G =U(rlerdr, q) and R = Ry, oy, a basic subgroup
of G, where d and y are nonnegative integers, ¢ = (¢;, 3, ..., ¢;) such that
y+a+ca+---+¢=d. Then C = C(R) = Cr® I, ® I, where I, I,
are identity matrices of orders r’ and rcite*+a respectively. The irreducible
character of C defined by

O(cel,®I) = 0r(c)

for ¢ € Cr is then a character of defect 0 of CR/R. We shall say the pair
(R, 0) is of type T". If b is the block of C containing 6, then (R, b) has
label (R, rderl, -).

(3B). Let G =U(n, q), R a basic subgroup of G, b a block of C(R)R with
defect group R, and 0 the canonical character of b. Then (R, 0) has type T’
for some T' € ¥'.

Proof. Suppose R = Ry o,y,c- Set Gy = U(mer®, q),Ry = Ry 0,0, C1 =
Cg,(R1). So C; ~GL(m, eq®") and C=C;®I,® .. Then 6 has the form
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091,81, where 0, is a character of C;. Since 6 has defect 0 as a character
of CR/R and CR/R ~ Cy/R,, 6, also has defect O as a character of C;/R;.
The block b; of C; containing 6; then has defect group R;. By [11, (5A)]
there is a unique I' € &' such that R; = Rr and 6, = 0. Thus m = mr,
a=ar, and (R, 0) has type T".

Following the notation of [12], we denote V' and V* finite-dimensional
symplectic or orthogonal spaces over F, related as follows:
vV dimV y* dim V'*
(3.2) symplectic  2rn  orthogonal 2n+1
’ orthogonal 2n+ 1 symplectic 2n
orthogonal 2n  orthogonal 2n

where (V) = n(V*) = 1 in the first two cases and n(V) = n(V*) in the
third case. Here n(V) = 1 for a symplectic space as before. Moreover, I(V)
and I(V*) are the groups of isometries of ¥V and V*, Io(V) and Io(V*) the
subgroups of I(V) and I(V*) of determinant 1. We shall call I,(V*) the dual
group of Iy(V). Let G = I(V) and G* = IH(V*). Given a semisimple element
s of G*,let (s) be the conjugacy class of s in G*, andlet &(G, (s)) be defined
by [8, p. 57]. Namely &€ (G, (s)) is the set of the irreducible constituents of
Deligne-Lusztig generalized characters associated with (s). Given a semisimple
r'-element s of G*, let

&G, (5)=J&(G, (sw)

where u runs over all the r-elements of Cg-(s). By [8, 2.2], &(G, (s)) is a
union of r-blocks.
The following lemma is due to Fong and Olsson.

(3C). Let p be an r-element of G, b a block of H = Cg(p), and B a block of
G . Suppose H is regular subgroup of G, B C &,(G, (s)), and b C &(H, (1)).
If bC = B, then s and t are conjugate in G*.

Proof. By Brauer’s Second Main Theorem there exists a nonzero generalized
decomposition number djy , for some irreducible character x € B and irre-
ducible modular character ¢ € b. Let x®)(p1) = Z,,, ey d ,(0’(‘[), where
b’ is a block of H, 7 runs over the r’-elements in H, and q) runs over the
irreducible modular characters in & . Then x(p1) = ¥, X ®)(pt). On the
other hand, by the theorem of Curtis type [9, (3.7)],

=3 (. RGO (1),
b Leb

where R$({) is the generalized Deligne-Lusztig character, b’ runs over blocks
of H, and { runs over the irreducible characters of b’. Since the {(p1) for
{ € b’ are linear combinations of the Brauer characters ¢(7) for ¢ € b’ and
the ¢ are linear independent, it follows that

x®(pt) =Y (x, RGO (p),

(eb

and x®(pt) # 0 for some r'-element 7. So (x, R%({)) # 0 for some { €b.
Suppose y € &(G, (su)) and { € &(H, (tv)), where u is an r-element in
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Cg-(s), v is an r-element in Cy-(¢). Then su and tv are conjugate in G*.
Since s and ¢ are the r’-parts of su and tv respectively, s and ¢ are conjugate
in G*.

Let R be a radical r-subgroup of G, b a block of Cg(R)R with defect
group R, Vo= Cy(R),and V, =[V, R]. Then b% is well defined and b° C
&(G, (s)) for some s € G*. We shall give a decomposition of s corresponding
to the decomposition ¥y L V, of V' and give a label to the Brauer pair (R, b)
when V =V, , where b is regarded as a block of Cz(R). Let p be a primary
element of R given by the remark of (2D), and let K = Cg(p). Then K =
Ky x K, , where Ky = Iy(Vp) and K, ~ GL(m, ¢q¢) for some m > 0. Since
(p) < R, there exists a unique block B, of K such that

(la bG) S ((p)’ Bﬂ) S (Ra b)

Let B, = B, o x B, ., where B, o, B, , are blocks of Ko, K, respectively.
Then B, o C & (Ko, (s)) and B, , C &(K,, (s;)) for some 5o € Kj and
s+ € K} . By (3C) soxs, and s are conjugate in G* and we may suppose s =
So X Sy , so that this gives a decomposition of s. Moreover, the decomposition
depends only on 5% not on the choice of R. Indeed there exists a defect
group D of bC such that Z(D) < Z(R) < R < D, so that ¥ = Cy(D) and
V, = [V, D] and a primary element of D is a primary element of R. Thus we
may suppose p € Z(D) is a primary element of D and then the decomposition
s = 5o x 54 is determined by 5. Suppose now V = V,. Then B, = B, ,
and B, C &(K, (s)). Since Cs(R) = Cx(R), we may view (R, b) as a Brauer
pair of K and then (R, b) has a Broué labeling (R, ¢, -), where ¢t € K*.
Here, the third component of the label is empty since K ~ GL(m, &q¢) and R
acts fixed-point freely on the underlying space of K. By definition of normal
inclusion of Brauer pairs, (1, B,) < (R, b) holdsin K and by [7, (3.2)], ¢ and
s are conjugate in K* . In particular, ¢ determines a unique conjugacy class of
G* . We then give (R, b) the label (R, t, -).

Given I' in &, let er, ar, and mr be the following integers: er is the
multiplicative order of ¢?r or erq’ modulo r accordingas 'e % or I' €
AUSA, rr = (dr),, and mrer®r = drer. In addition, let fr = 1 or 2
accordingas F'e AUSA or 'e A .

Suppose dim V' is even and s is a semisimple element of Iy(V*) with pri-
mary decomposition

(3.3) =31,  s=]]smD.
r r

We define a semisimple element s* of Io(V), which is determined uniquely up
to conjugacy in I(V), as follows: If V' is orthogonal, then V' and V* have
the same dimension and type, so that mp(s) and nr(s) satisfy the relations
(1.11). Thus a semisimple element, denoted by s*, exists in (V) such that
mr(s*) = mr(s) and nr(s*) = nr(s). Since s € G*, it follows that s* € G. If
V is symplectic, then V* is an odd dimensional orthogonal space. Let - = 1
forall ' € ¥, and nr = mp(s) except when I' = X — 1, in which case,
nr = mr(s) — 1. Then nr and nr satisfy the relations (1.11) with mp(s) and
nr(s) replaced by nr and nr respectively. So a semisimple element, denote
by s*, exists in G such that mp(s*) = nr and #nr(s*) = nr = 1. Thus s* is
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uniquely determined up to conjugacy in /(V) and dets* = 1. We shall call s*
adualof s.
The following proposition is due to Fong and Olsson.

(3D). The dual mapping s — s* induces a bijection f: (s)— (s*) from the con-
Jjugacy classes of r-elements of Io(V*) onto the conjugacy classes of r-elements
of Iy(V) such that

(3.4) CIO(V)(S*) ~ CIO(V‘)(S)* .

Proof. Suppose s is an r-element and decomposes as (3.3). Then -1 is not
an eigenvalue of s, so that dimV{*(s) = mr(s)dr and nr(s) = ™ for
I'#X-1. Thus

my_i(s)=dimV* - > dim V7 (s)
T#X-1

and

Mx-1(s) = (=)D ©me () T ar(s),
I#x-1

so that s is determined uniquely up to conjugacy in I(V*) by its multiplicity
function myr(s). Moreover, s € Io(V*) and the I(V*)-class of s decomposes
into one or two conjugacy classes of Io(V*) according as 1 is or is not an
eigenvalue of s. Similar statements hold for r-elements of I(V). If V is
symplectic, then the dual mapping induces a bijection of the conjugacy classes
of r-elements of Iy(V*) onto the conjugacy classes of r-elements of Io(V).
If V and V* are even dimensional orthogonal spaces, then the dual mapping
induces a bijection of the conjugacy classes of r-elements of 7(V*) onto the
conjugacy classes of r-elements of I(V). Moreover, the I(V*)-class of s is a
single Io(V*)-class if and only if the I(V')-class of s* is a single Iy(})-class.
So the dual mapping induces a bijection of the conjugacy classes of r-elements
of Iy(V*) and Iy(V'). The isomorphism (3.4) follows by [12, (3A)].

Given m > 1, let V' be a symplectic or orthogonal space of dimension 2em
and type &™ if V is orthogonal. Let G = Iy(V) and G* = IH(V*). By [12,
(5.2)] G has a basic subgroup R of the form R,, o0, and we denote by u* a
primary element of R and u a dual of u* given by (3D), so that |u*| = r?,
u* =u*(I') for a unique I'e A USA, and Cs(u*) = Cyy(u*) ~ GL(m, &g°).
Moreover, the subgroup (u*) is uniquely determined up to conjugacy in I(V).
Namely, if v* € G is an element of order r* and v* = v*(I") for a unique
I''e AUSA, then (v*) and (u*) are conjugate in I(V). Let & and *
be the sets of conjugacy classes of G and G* of semisimple elements in the
r-sections containing u#* and u respectively. Here the r-section containing u*
in G, by definition, is the set of all elements in G whose r-part is conjugate
with ¥* in G . Thus each class of % has the form (A*u*) for some semisimple
r'-element h* € Cg(u*). Define

S ={[h*]: (h*u*) € &}, ={[s]: (su) € "},

where [A*] and [s] are conjugacy classes of A* and s in I(V) and I(V*)
respectively.
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(3E). The dual mapping s — s* from the semisimple elements of Io(V*) to the
semisimple elements of Io(V) induces a bijection f: [s]+— [s*] from F#* onto
&' such that

(3.5) Crw)(u*, s*) =~ Crpe(u, s).

Proof. Let [s] € #*, s* adualof s in G, K = Cs(u*), and K* = Cg-(u),
so that K* is a dual of K. Then s and s* have primary decompositions

3.6) V=T, s=[[sM, V=) K6), s=]][sD.
T r r r

Thus Cyy+)(s) = [Ir Cr(s) , where Cr(s) = Cyy:(5))(s(I') . Moreover, by (1.10)
I(VE(s)) ifFe4%,
(3.) cris)={ gt o
GL(mr(s), erqg’r) ifFre AUSA.
Let ur be the restriction of u to V(s). Then [V*(s), ur] = V(s) for T #
X —1 and ur € Cr(s). Thus
erwr(s) ifFe FUHA,
2ewr(s) if I' € % and dim V'* is even,
2ewr(s) if’'=X+1and dimV™* is odd,
2ewr(s)+1 ifI'=X-1and dimV* is odd,

(3.8)  mr(s) =

for some integer wr(s), and ny4(s) = e¥x+16) | pr(s) = sl'.”r(’) forT'e AUS.
Moreover, nx—;(s) is determined by the equation

(3.9) nV*) = (—1)@-D/2mx—1(s)mxs(s) H nre(s).
r

Thus the type function #nr(s) is uniquely determined by the multiplicity func-
tion myr(s), so that [s] = [s'] for [s], [s'] € * if and only if mr(s) =
mr(s') for all T € & . It is clear that Ck.(s) = Cg-(u, s) = Cc,.(s)(4) and
Ck+(s) = [IrCr(u,s), where Cr(u,s) = Ceys)(ur) for T' € A USFA and
Cr(u, s) = Cype(s))(ur) for I' € F . By (3.7) and (3.8)

(3.10) Cr(u, s) ~ GL(wr(s) , erg®r’r)

forall I'e.# . Similarly, Cyy)(s*)=]Ip Cr(s*), where Cr(s*)=Cyp(s))(s*(I)) .
Moreover,
. I(Vr(s*)) ifl'e%,
Cr(s*) = - S\ ;
GL(mr(s*), erq’r) ifFre USA.

By definition of s*, mp(s*) = mr(s) except when I' = X — 1 and V is
symplectic, in which case, mr(s*) = mp(s) — 1. Thus mr(s*) = frerwr(s),
where fr =1 or 2 accordingas '€ #1US or '€ % . Let wr(s) =34 ngrf
be the r-adic expansion of wr(s), and ¢g = (1,1,...,1) (B terms). Then
a Sylow r-subgroup D(I') of Cr(s*) is of the form l-[ﬁ(Rmr,ar,o,c,,)""' . Thus
a Sylow r-subgroup P of Cyyy(s*) is of the form [].D(I') as a subgroup of
I(V), so that P has a primary element v* and (v*) is conjugate with (u*)
in I(V). Thus a conjugate of s* in I(V) lies in K. Replacing s* by its
conjugate, we may suppose s* € K. So Ck(s*) = Cg(u*, s*) = Ccy(s+)(u*) and
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if up is the restriction of u* to Vp(s*), then Cg(s*) = [[p Cr(u*, s*), where
Cr(u*, s*) = Ccy(s+)(ur) . Moreover,

(3.11) Cr(u”, s*) = GL(wr(s) , erg™™),

for all ' € & . Since s* is an r'-element and s* € K, it follows (s*u*) € &~
and [s*] € S .

Conversely, given [s*] € ., suppose s* decomposes as (3.6). Since u* €
Cg(s*) and the restriction uy of u* to Jp(s*) lies in Cr(s*), it follows
mr(s*) = prerwr(s*). Define nr = mp(s*) except when '=X —1 and V is
symplectic, in which case, nr = mr(s*) + 1. In addition, define nr = sl'f'r(")
for Te AUA, nxs1 =¥+ "and ny_, is chosen so that (3.9) holds with
nr(s) and mp(s) replaced by nr and nr respectively. Thus nr- and 5 satisfy
the relation (1.11) for V* with mr(s) and nr(s) replaced by nr and #r, so
that a semisimple element, denote by s, exists in Io(V*) such that mr(s) = nr
and #5r(s) = nr. Such an element is determined uniquely up to conjugacy in
I(V*). Thus mr(s) satisfy equation (3.8) with wr(s) replaced by wr(s*). A
similar proof to above shows that a Sylow r-subgroup of Cjy-y(s) has a pri-
mary element conjugate with u in I(V*). We may suppose u € Cyy+)(s) and
(su) € &#*, so that [s] € #* . But [s] = [§'] for [s], [s'] € &* if and only if
mr(s) = mp(s’) forall I' € &, so the two maps induced by s — s* and s* — s
are inverse each other and both are bijections. The isomorphism (3.5) follows
by (3.10) and (3.11).

Remark. As shown in the proof of (3E), if s* is a semisimple r’-element of
Io(V) such that a Sylow r-subgroup of Cjy)(s*) acts fixed-point freely on V',
then mr(s*) = Brerwr(s*), so that a dual s of s* is a well-defined semisimple
r'-element of Iy(V*). Moreover, if u* is a primary element of a Sylow r-
subgroup of Cjy)(s*) and u is its dual, then we may suppose u is a primary
element of a Sylow r-subgroup of Cj(y+)(s) and Cypy(u*, s*) =~ Cpw+)(u, s).

(3F). Given integer m > 1, let V be a symplectic or orthogonal space over F,
of dimension 2em and n(V) =¢&™ if V is orthogonal. Let G = Iy(V), and B
a block of G contained in &,(G, (s)) for some semisimple r'-element s of G*.
If a defect group R of B acts fixed-point freely on V, then R is conjugate in
(V) with a Sylow r-subgroup of Cg(s*), where s* isadual of s in G.

Proof. Since R is radical in I(V), it has a primary element z*. Let K =
Ce(z*) and K* its dual. Then z* = z*(I') for aunique ' € U S, K =
Civy(z*) ~ GL(m, &g°), and K* is embedded as a regular subgroup in G*.
Suppose (z*, B,+) is a major subsection associated with B, in the sense of
[6], and B,. C &,(K, (¢)). Then s and ¢ are conjugate in G* by (3C) and R
is a defect group of B,.. Replace s by a conjugate we may suppose s = ¢,
so that R is conjugate with a Sylow r-subgroup of Ck-(s)* in K by a result
of [11, §5]). Let s* be a dual of s and p an element of order ? in Z(K*).
Such an element p exists since K ~ K*. Thus K* < Cg+(p) and dor = e for
all T e US with mp(p) #0. By (1.9) and (1.10) Cg-(p) = K*, so that
p is a primary element of O,(Z(K*)). Thus (p) is conjugate in I(V*) with
the subgroup generated by a dual of z* given by (3D). Replacing p by p*
for some integer k, we may suppose p is a dual of z*. Since s lies in the
r-section containing p, we may suppose s* lies in the r-section containing z*
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and Ck(s*) ~ Ck+(s) by (3E). By (3.10) and (3.11) Ck(s*) and Ck-(s)* are
conjugate in K. Thus R is conjugate with a Sylow r-subgroup of Ck(s*).

We may suppose R is a Sylow r-subgroup of Ck(s*). Let P be a Sylow r-
subgroup of Cj(y)(s*) containing R and u* a primary element of P. So u* €
Z(P), R < Cp(z*) < Ck(s*), and R = Cp(z*) since R is Sylow in Cg(s*).
Thus u* € Z(R) and u* is a primary element of R. So (z*) = (u*) < Z(P),
P =Cp(z*) = R, and (3F) holds.

Let ¥’ be the subsets of polynomials in ¥ whose roots have r'-order.
Given I' € &', we shall define Gr, Rr, Cr, 0r, and sp as follows: Let V1
denote a symplectic or orthogonal space of dimension 2erdr over F, and of
type eff or ¢ accordingas I' e AAUSA or T € & if It is orthogonal.
Thus I(Vr) has a primary element s with a unique elementary divisor I' of
multiplicity of frer and I(}r) has a basic subgroup Rr of form Ry o0
by [12, (1.12) and (5.2)]. Let Gr = I(¥;), G = Iy(}), and Cr = Cg(Rr).
Then s € G2 and Cr ~ GL(mr, e¢°"), so that a Coxeter torus Ty of Cr
has order ¢™re”" — ¢™r. The dual T} is embedded as a regular subgroup of
Cf, and in turn, C} is embedded as a regular subgroup of G?-* . We claim that
there exists an element sr in T} such that CCr‘ (sv) = Tt and as an element

of G¥, sr and s are dual each other in the sense of (3E). Indeed
c (*)_{I(Vr) iflr=X+1,
6TV =\ GL(er, erg®) fT# X1,

so that a Sylow r-subgroup of Cq.(sf:) acts fixed-point freely on I1-. By the
remark of (3E) a dual sy of s exists in G¥* and

GL(er, 81"(]51-) if I’ ;ﬁ X=x1,
Con(51) = SO%(2e, q) if [ = X £ 1 and It is orthogonal ,
r (w, 1 xSO*(2e, q)) if '=X+1 and Vt is symplectic,
SO(2e + 1, q) if = X — 1 and It is symplectic,

where w is an element in SO(}}?) such that w? € 1 xSO®(2e, ¢), and 1 is the
identity matrix of size 1. Let R* be a Sylow r-subgroup of CGg' (sr), CF =
CG}’.‘ (RF) , and TI/'* = CCI’.‘ (st). Then st € Tlf-‘ and Tl,"* = CCGIO_‘ (Sr)(RF) . Thus

Ty has order ¢°ror —gfT . But erdr = mrerer, r divides both g™re”" —g™r and
g% — &7, 50 & =¢™ and R}* is a Sylow r-subgroup of G{*. In particular,
Ry is cyclic of order r®*°r and has type Rmr,ar,(_) asa subgroup of I(Vf).
Let R} be the Sylow r-subgroup of Tp*. Then Ry is cyclic of order r**°r and
there exists g € I(V) such that (Rp)¢ = R, so that (Cp)8 = Cp*. Thus
(Tz)$h = Tt and sh'¢"' € Ty for some h e C*. Thus s' ¢ is a dual of
st in G¥ and Cc:(st'®"') = Tp. We may denote sf. ¢ by s and then
the claim holds. By (3E) sr is uniquely determined by I' up to conjugacy in
0.
Let ¢r be the character of Tr corresponding to sr, and let

Or = RS (¢r) = £RS
r = +Rz(¢r) = £R7: (1),

where the sign is chosen so that O is an irreducible character of Cr. The




WEIGHTS FOR CLASSICAL GROUPS 23

block br of Cr containing O then has defect group Rr by [11, (4C)] and the
Brauer pair (Rr, br) of G2 has the label (Rr, sr, -).

(3G). Let Nr = Ng.(Rr), and N(6r) the stabilizer of Or in Nr.

(a) (N(6r): Cr) = Brer. In particular, [Irtf°(N(6r), 6r)| = Brer and Ry is
a defect group of bl?r .

(b) Let T, I" € #' such that Gr = G and Rr = Ry, so that Cr = Cp
and Nr = Np. Let O and Op be the canonical characters of by and by
respectively. Then bt = br. for some 1 € Nr if and only if sy and sp are
conjugate in I(V*), where Vi is the underlying space of G¥*.

Proof. (a) It suffices to show (N(6r): Cr) = Prer since Nr/Cr is cyclic of
order 2erer. If T € %, then Cr = Ty, 6r = ¢r, and Or is either the
identity character or the character of order 2 of Tr. Thus N(fr) = Nr and
(N(6r): Cr) = 2er.

Suppose I' € A U S, so that Tt = Cc.(p) for some p € Tr and Tr =
Ce.(up) for any generator u of Rr. Let A be the unique elementary divisor
of up and N(Tr) = Ng.(Tr). Following [12, p. 149], if A € %, we have
N(Ty) = (o, Tr), where g:t+— t? for t € Tr. Here o has order 2mrer® in
N(Ty)/Tr and o™ inverts Tr. If A € %, we have N(Tr) = (8, 7, Tr),
where f:t— 9, y:t— t~! for t € Tr. Here B and y have order mrerer
and 2 respectively in N(Tt)/Tr. Moreover, Nr = N(TIr)Cr.

Let Nr act on the pairs (T, ¢) by conjugation and let [T, ¢] be the Cr-
orbit of the pair (T, ¢), where T is a Coxeter torus of Cr and ¢ is an irre-
ducible character of T. Then M induces an action on the Cr-orbits and the
Nr-orbit of [Tt, ¢r] consists of {[TT, ¢$”I]}, where 1 <! < mrerer . More-
over, we claim that for 7 € Nr, ¢ € N(Tr), [Tr, ¢r] =[Tt, ¢l‘1] if and only
if (R%r(qﬁr))' = R%(q&l‘i). Indeed given 7 € Nr, then Tf” = Tr for some w €
Cr and (R (¢r))" = (RFF(¢r)™ = RTF(¢f7) . Thus [Tr, érI° = [Tt, 471 if
and only if [Tt, ¢f”] = [T, ¢{] if and only if (R%(q&r))’ = R?{(q&l‘l). Thus
the claim holds. In particular, N(6fr) is the stabilizer of [Tt, ¢r] in Nr.

The group Cf acts on the pairs (7™, 5s) of Coxeter torus 7* and s € T* by
conjugation. Let [T*, s] be the conjugacy Cyf-class of (T*,s). By [18, (7.5)]
the Cr-classes [T, ¢] are in bijection with the Cf-classes [T, s] andif [T, ]
corresponds to [7T*, s], then Rgr(qﬁ) = R?" (s) and [T, ¢*] corresponds to
[T*, s*] for any integer k. Let R} be the Sylow r-subgroup of T3 and Nf =
N,(Vr.)(R’{-). Then |Rp| = reter, Ry < Z(Cyt), and Ry has form R, o 0 as
a subgroup of I(Vr). So Cf = CIo(Vr‘)(Rf“)~ Let N(T}) = NI(V;)(TF)- Then
Nt = N(Tp)Cy and N acts on the pairs (7*,s) by conjugation, so that
N induces an action on classes [7*,s]. If Gr is a symplectic group, then
I(Vf¥) ~ O(Brerdr+1, q), and the action of N(7{) on Ty is similar to that of
N(Tr) on Tr, namely for g € N(Tf), g actson T3 by g:t+— £, where
te€Tf and 1 < < mrer®r. If Gr is an orthogonal group, then I(J{') ~
I(Vr) ~ O*(Brerdr, q) and the action of N(T}t) on T is similar to that of
N(Tr) on Tr. Thus the Nf-orbit of [T{, sr] consists of {[T*,s?"l]}, where
1 <1 < mrerer and the elements in this orbit are in bijection with that in the
Nr-orbitof [T, ¢r]. So (Nr: N(6r)) = (Ng:: N([T}, srl)) , where N([Tf, sr])
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is the stabilizer of [T}, sr] in Nf. Let H* = N([Tg, sr]) or N([T{, st]) N
Io(Vy*) according as V- is orthogonal or symplectic. Then H* > Ct and
IN(6r)| = |H*| since |Nr| = |Ng| or 3|Ng| according as It is orthogonal or
symplectic. Moreover, (N(fr): Cr) = (H* : Cf).

Now fix the Cf-classes [T, sr]. Then it is clear that Cf and H* act
transitively on the class and so (H*: Ny- (T, sr)) = (Cp: Nc: (Tt sr)) , where
Ng-(T¢, sr) and Nc: (T, sr) are the stabilizers of the pair (77, sr) in H*
and Cp respectively. But H* > Cf, Nc;(TF, st) =T, and

(H*: T7) = (H* : C¢)(Ct : Tf) = (H* : Nu-(Tt, sr))(Ny- (T, s1): Tt),
so (H* : Ct) = (Ny-(Tg, sr): T). If Vr is orthogonal, then C](V;)(Sr) =
C,o(Vr~)(sl-) by I' € #/US . Thus in any case Ny-(Tf, sr) < Io(Vy). Let K* =
Cryv=)(st) . Then K* =~ GLf(er, erq’r) and Ny-(T}, sr) = Nk-(T}). Since
Ty is a Coxeter torus of K*, (Nk-(T{): Tft) = er and then (N(6r): Cr) =er.

(b) Let 6 = :hR?fl (sr). Suppose Of = O for some 7 € Nr. Then
[T, o¢r)° correspondsrto [T, sit] for some n € N(Ty) since the elements
in the Nr-orbit of [Tr, ¢r] are in bijection with elements in the Np-orbit of
[7¢, sr] and Ni = N(T#)C . Thus 6f = £R7E(sp) and [T, sf] = [T, 5]
So sr is conjugate with s in I(V*). Conversely, suppose sr and sp are
conjugate in I(Vy*). Since T and T, are Coxeter tori of C¢, Tff = Tft and
s, = s¢ forsome c € C¢ and w € I(Jf*). If T € &, then Cf = T = T,
and s = s¢’, so that both sp and sr are elements of T of order 1 or 2
accordingas '=X -1 or '=X + 1. Thus s = st and 6 = 6. Suppose
Fre#AU%, so that K* = C,o(yr-)(srl)‘w_' and hence 7y, T are Coxeter
tori of K*. So T3¢ = Tl’!,c"’_' for some g € K*, T{8" = T = Ty, and
gw € Np. It follows that

(T3¢, sr]8 = [T, sP) = [Tp¢ ', s ' 1= [Tf, sr].

Since gw € N, [T}, sr]8" corresponds to [Tt, ¢r]* for some 7 € Nr and
then 6 = 6f.. This completes the proof.

Remark. Let Gr be an orthogonal group, and Ny(fr) = N(6r) N G2. By [12,
(6B)] (N(6r) : No(6r)) = Br-

For each a > 0 and m > 0, let V,, , 0 denote a symplectic or orthogonal
space over F, of dimension 2mer® and type €™ if V}, 4,0 is orthogonal. Thus
I(Vin,a,0) has a basic subgroup of form R,, , o (see §2).

(3H). Let G = I(Vin,a,0), R = Ry o,0 a basic subgroup of G, b a block of
C6(R)R with defect group R, and 6 the canonical character of b. If N(0)
is the stabilizer of 6 in Ng(R) and (N(6): C4(R)R), = 1, then G = Gr,
R =Ry, and 0 = 6r for some T' € F'.
Proof. Let C = Cg(R), N = Ng(R), and Gy = Iy(Vin,a,0) - Then C = Cg,(R)
and N/C is cyclic of order 2er®.

Since C ~ GL(m, eq¢"), it follows by [11, (4B) and (4C)] that

0= ETR%:(¢) ’

where er = 1, T is a Coxeter torus of C and ¢ is an r-rational irreducible
character of 7. Moreover, the dual T* is embedded as a regular subgroup of




WEIGHTS FOR CLASSICAL GROUPS 25

C*, and C* is embedded as a regular subgroup of Gjj. There is an element
s of T* such that s corresponds to ¢ and T* = Cc¢-(s). In particular, if
#*>=1,then s2=1, T*=C*, m=1,and § = ¢. Thus N = N(#) and
(N@): C)y = (N :C), =1,s0that « = 0. In this case R = Ry, and
0 =0xy; (see[12, p. 148]).

Suppose ¢? # 1. Then as an element of C*, s has a unique elementary
divisor A with multiplicity 1 since 7* = C¢-(s) is the Coxeter torus of C*.
Regard s as an element of Gj. By [12, (9A) and (9.2)] there is a unique
I' e # U% such that the multiplicity of T in s is epr! and epr'dr = 2mer®
for some / > 0. So Cg; (s) = GL(err', erq®). A similar proof to that of
(3G)(a) shows that (N(0): C) = (NCG(;(J)(T*): T*) = err'. Thus / = 0 and

erdr = 2mer® since (N(0): C), =1. But (m, r)=1 by [11, (4B)]. It follows

that m = mr, a = ar, and G = Gr, R = Ry, 6 = 6r. This completes the
proof.

Given 'e #' and y > 0. Let
(3.12) Wy=WwLlhi--- L,

where there are r’ terms J on the right-hand side. Then if ;- is orthogonal,
Vr,, has type (er)™” = ¢ or ¢ =¢ accordingas € #U% or T € %.

(3I). Let G=I(Vr,y), R= Ry, o,y a basic subgroup of G, and C = Cg(R).
Then C = Cr®1,, where I, is the identity matrix of order r”. The irreducible
character 6 = 0r® I, of C defined by 6(c ® I,) = Or(c) for c € Cr is then a
character of defect 0 of CR/R, and |Iri°(N(8), 6)| = Brer.

Proof. The proof is essentially the same as that of (3A), except that the auto-
morphisms on C = Cr ® I, induced by N(R) have order 2er°r, and their
actions are the same as the automorphisms on Cr induced by Nr/Cr.

Remark. Suppose G = I(Vr ,) is an orthogonal group. Let Gy = Io(¥1,,) and
No(6) = N(8) N Gy. Then |N(8): No(6)| = Br and for each w € Irr’(N(6), 6)
the restriction |y, of ¥ to No(f) is irreducible. Indeed let N° =
{g € N:[g, Z(R)] = 1}. Then N° < Ny(6) and in the notation of (3A),
N(6) = N(9) and N(8)/N° ~ N(6r)/Cr, where ¥ is the unique irreducible
character of N° covering 6 and having defect O as a character of N9/R. The
remark of (3G) implies |N(8): No(6)| = Br. Since ¥ covers ¥ and N(9)/N°
is cyclic, y/|yo =9 is irreducible, so that y|y,g) is irreducible. This completes
the proof.

Given 'e #',and d > 0. Let G = I(Vr 4), and R = Ry or,y,c e a
basic subgroup of G, where ¢= (¢;,¢,...,¢),and y+ci+c+--+¢=d.
Then C = Cg(R) =Cr®1I,® I, where I, and I are the identity matrices of
order r¥ and rait@t*a respectively. The irreducible character of C defined
by

(3.13) 0(c®I,®I) = Or(c)

for ¢ € Cr is a character of defect 0 of CR/R. We shall say that the pair
(R, 60) isof type T. If (R, 0) is of type I', then 6 is a canonical character
of a block b of C with defect group Z(R), and the Brauer pair (R, b) of
G is also a Brauer pair of Gy = Iy(Vr,4) since C = Cg,(R). Let D be
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the base subgroup of R = R, o, 1 Ac. Then each component Q of D is
of the form R, .., so that by the remark of (1C) Q contains a normal
subgroup Q' such that Cpyy,, . (@) = Cy,_ .. )(Q) = II'_, C; is a regular
subgroup of Io(Vup,ar,y), Where Vi, o, is the underlying space of Q and
C; ~ GL(mr, eq¢"") for all i. Let R’ be the subgroup of D with each
component Q of D replaced by Q’. Then R’ is a normal subgroup of R and
C' = Cg(R') = [}, Ci, where C; ~ GL(mr, eq®™) forall 1<i<r?. Thus
C' is a regular subgroup of Io(}1 4) and C < C’, so that C’* is embedded as
a regular subgroup of Io(¥r 4)*. Now we may suppose C; = Cr and sr € C}
for all i. Let

(3.14) Xr =S XSp X XS (r¢ times)

be an element of C’* and x; a dual of xr in G. Then as an element of
G, xt has a unique elementary divisor I of multiplicity Prerr? and type
nr(xt) = n(Vr,4). The subgroup Cf ® I, ® I, can be regarded as a diagonal
subgroup of C™*, so that sr®I,®I. € C"* and xr is conjugate with sr® 1, ®I,
in I(V*). Thus (R, b) is labeled by (R, xr, -). The Brauer pair (R, b) of
G will also be denoted by (R, 0).

(3)). (a) Let G=1I(V), R a basic subgroup of G, (R, ¢) a weight of G, and
0 an irreducible character of Cg(R) covered by ¢. Then (R, 0) is of type T
for some T' € .

(b) The pair (R, 6) of G with type T is uniquely determined by T" up to

conjugacy in N = Ng(R), that is, if (R, 6') is another pair with type T, then
0’ = 0" for some ne N .
Proof. (a) Suppose V =V a,y,c and R= Ry o,y ¢, Where c=(c1, ..., ).
Let G; = I(Vin,a,0)» Ri = Rm,a,0 a basic subgroup of G,, C; = Cg,(R}),
and N; = Ng,(R;). Then C;, ~GL(m, e¢¢") and C = C(R)=C,® I, ® I, .
Thus 6 has the form 6, ® I, ® I, where 6, is a character of C;. Since 6 has
defect 0 as a character of C/Z(R), 6, has defect 0 as a character on C;/R;.
The block of C; containing 6; has defect group R; .

Let Ry o,y a basic subgroup of I(Vin «.y), Nm,a,y and Cp o, the nor-
malizer and centralizer of Ry, o,y in I(Vin o,y). Then Cp o, = C; ® I, and
(61 ®L)(c® L) =6,(c) for c € C; is an irreducible character of Cy, ,,,. By
(2.5)

N = (Nm,a,y/Rm,a,y) ® Nsw)(Ae) s
N/R > (Npm,a,y/Rm,a,y) X GL(c1, 1) x --- x GL(¢;, 1),
where u = rat =+ If N) . = {8 € Nn,a,y: (8, Z(Rm,a,y)] = 1}, then

Nma,y/NS o =~ Ni/Ci. Let ¢ = I(y) for some y € Ir°(N(8), 6), and
N(6, ® I,) be the stabilizer of 6, ® I, in Ny, o . Then

N(6)/R = (N(6, ® I,)/Rm a.,) x GL(c, r) x --- x GL(¢y, ).

But w is a character of defect 0 of N(6)/R, so it covers an irreducible character
Wo in IrrO(N(0|®Iy) , 6:®1,) . Same proof as that of (3A) shows that N,?,,a,y <
N(6,®1,) and Ny, , , has a unique irreducible character 9 covering 6, ® I,

and having defect O as a character of N, , ,/Rm,a,y. Moreover, N(6,®1,) =
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N(9) and N(z‘))/N,(,’,,a,y ~ N(6,)/C,, where N(6,) is the stabilizer of 6, in
Ni. Thus yo € Ir°(N(9), 9) and wo(1) = &(1) since Npm,a,y/N3.a., is
cyclic. By (3.1) (N(9): N,?,,a’y), =1 and hence (N(6,): Cy), = 1. It follows
by (3H) that G, = Gr, R; = Rr, and 6, = O for some I' € &'. Thus
(Ry, 6,) islabeled by (R;, sr, -) and (R, ) has type I', so (a) holds.

(b) Let G=I(Vr,4), R= R or,y,c @ basic subgroup of G, C = Cg(R),
N =NgR), 0 =6r®I,®I,and ¢ = 6- 1, ® I, where Or, 6 are
irreducible characters of Cr, and 6, 6’ are defined as (3.13). If (Rr, fr, -)
and (Rr, fr-, -) are the labels of (Rr, 6r) and (Rr, 0r) respectively, then
Ir, t are conjugate in Gr since both Brauer pairs (R, 6) and (R, ') are
labeled by (R, xr, -). It follows by (3G)(b) that 6 = 6 for some w € Nr.

Let Comp op,y = Cl(Vr,y)(Rmr,ﬂr,)')’ so that Cpp or,y = Cr®1,. Let Or ®
I, and 6 ® I, be irreducible characters of Cp o, defined as (3I). Since
Nmgar,9/NS ar.y = Nr/Cr, it follows (6 ® I,)* = 6{. ® I, for some h €
Nmg or,y and so 6" = @' for some n € N, where the structure of N is given
above with m and « replaced by mr and or respectively.

Remark. Suppose R is a basic subgroup of G = I(V), b a block of C5(R)R
with defect group R, and 6 the canonical character of b. If (N(6): Cg(R)R),
=1, then (R, 0) is of type I" for some I' € &’. In particular, this occurs
when b is a root block of a block B and R is a defect group of B. Here a
root block b of a block B, in the sense of Brauer, is a block of Cg(R)R with
defect group R such that b¢ = B, where R is a defect group of B. Thus if
b is a root block of B and @ is the canonical character of b, then (R, b) is
a maximal Brauer pair containing (1, B) and (N(6): C¢(R)R), = 1, where b
is regarded as a block of Cg(R). The proof of the remark is similar to that of
(3J)(a). Indeed in the notation of (3J)(a) N(6; ® Iy)/N,‘),,a,y ~ N(6;)/C; and

N(0)/Ce(R)R~ (N(61®1L)/Cm,a,yRm,a,y) x GL(c1, r) x --- x GL(c;, r).

Thus (N(6; ® I,): Cin,a,yRm.,a,y)r = 1 and (N(6; ® I,): NS, , ,)r = 1 since
(N(@@): C(R)R), =1. So (N(8,): Cy), =1 and the block of C; containing 6,
has defect group R;. By (3H) Gy = Gr, Ry =Rr, 6, =6, and (R, 6) has
type I'.

Following the remark above we can get a corollary.

(3K). Let V' be a symplectic or even dimensional orthogonal space, G = I(V),
Go=1Io(V), andlet B and B’ be blocks of G with defect D and D' respectively
such that [V,Dl =V =[V,D']. Let b and b' be root blocks of B and B’
respectively, b% C &,(Gy, (s)), and b'% C &(Gy, (s')), where s and s' are
semisimple r'-elements of G;. Then B = B’ if and only if s and s’ are
conjugate in 1(V*), where V* is the underlying space of G .

Proof. Since D is radical in G, a primary element of D exists and then G
has an r-subgroup of form R,, ¢,0 forsome m > 1. By [12, (1.12) and (5.2)],
V has dimension 2em and type &¢” if V is orthogonal.

Suppose s and s’ are conjugate in I(}*), so that s* and s"* are conjugate
in G by definition. By (3F) D and D’ are conjugate with Sylow r-subgroups
of Cgs(s*) and Cg(s™) respectively, so that they are conjugate in G. We may
suppose D =D'.
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By (2D) V and D have a corresponding decomposition,
V=Wni1VWLiL.---1V, D=DyxDyx---xDy,

where D; is a basic subgroup of I(V;). Let 6 and 6’ be the canonical char-
acters of b and b’ respectively. Thus C = Cs(D) =[], Ci, 6 =[], 6;, and
6’ =TI;0;, where 0, ¢’ are regarded as characters of C, and 6;, 6; are char-
acters of C; = Cyy,)(Di) = Cryv;)(D;). Since b and b’ are root blocks, it
follows (N(@) : CD), = (N(¢') : CD), = 1. Let N(6;) and N(6;) be the
stabilizers of 6; and 6] in Ny, (D;) respectively. Then (N(6;) : C;D;), =
(N(6)) : CiD;), =1 for all i. By the remark above, (D;, 6;) and (D;, 0;) are
of type T and I" respectively, where I', I" € ¥ .

Suppose (D;, t;,-) and (D;, t;, -) are labels of Brauer pairs (D;, 6;) and
(Di, 6)) of I(V;) respectively. Let z € Z(D) be primary. Then we may
suppose f; and ¢, are elements of K, where K; = Cjyy;)(z;) and z; is the
restriction of z to V;. So (D, [];ti, -) isthelabel of (D, b) and (D, []; ¢, -)
is the label of (D, b’). By (3C), s and [], #; are conjugatein G, so are s’ and
[1;¢;. Thus these three elements s, [];#, and [];#; are conjugate in I(V*).
Let D(T) = [, Dy, s(0) = [, i, V(D) =, Vi, D'() =1, D;, and s'(I") =
[1;¢;, where i and j runs over indices such that (D;, 6;) and (D;, 6}) have
type I' and I" respectively. Then []-s(I'), [I s(I"), and s are conjugate in
I(V*). Let zr be the restriction of z to V(I') and Kr = Cyy))(zr). Then
K} can be embedded as a subgroup of Io(V'(I'))* and s(I') € K¢. If s(I)* is
a dual of s(I') in Io(V(I')), then []rs(I')* is a primary decomposition of s*.
Similarly, [Jps'(I)* is a primary decomposition of s*. So D(I) is a Sylow
r-subgroup of Hr = Cyy(r))(s(I')*), and D(T'), D'(T') are conjugate in G.

If T = X+1, then dimV(I') = 2ewr for some wr > 0 and D(I') =
[15(R1,0,0,¢,)™ , where ng > 0 such that wr = ngrf is the r-adic ex-
pansion of wr, and ¢ = (1,1,...,1) (B terms). If I' # X £ 1, then
Hr ~ GL(erwr, erq’) and D(T') = [I4(Rmr,ar,0,c,)" » Where ng and cg
defined as before.

Fix 1 <i<t.If (D;,9,) is of type I', then D; is a component of D(I'),
and s0 D; = Ry or,0,c; - Suppose for the same i, (D;, 6;) is of type I".
Thus D; is also a component of D'(I"), and hence D; = Ry, ,ap,0,c, - SO
mr =mp, ar = ap, and B = B’. Since D(I") and D'(I”) are conjugate in
G, there exists a component D; of D(I"), for 1 < j <t, such that (Dj, 6;)
is of type I" and D; = Ry o ,0,¢40 - So D; and D; have the same form
Ruyp ar,0,c, - By (2E), there exists h € Ng(D) permuting (V;, D;), (V;, Dj)
and holding (V;, D) fixed for k # i, j. Thus A permutes (D;, 6;), (Dj, 6;)
and holds (Dy, 6;) fixed for k # i, j. Replacing (D;, 6;) by (D;, 6:)",
we may suppose both (D;, 6;) and (D;, 6}) are of the same type I", and
we may suppose this for all i > 1. By (3J)(b), for each i, 6% = 6, for
some g; € Nyy,y(D;) and then ¢ = ¢’ for some g € Ng(D). It follows that
B=b=b9=H.

Conversely, suppose B = B’. If b% = p'O  which occurs when G is a
symplectic group, then s and s’ are conjugate in Gj by (3C).

Suppose b% # b'6o . Then G is an orthogonal group, and (b%)& = b'% for
some g € G of determinant —1. So B covers exactly two blocks % and b'Co
of Go. Let Ny(6) be the stabilizer of 6 in Ng,(D). Then (N(6): No(0)) =1
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or 2. If (N(6) : Ny(0)) = 2, then 6* = 6 for some x € G of determinant
—1. So (b%)* = p% and thus (b%)& = b% for all g € G. This is impossible.
Thus N(6) = Ny(0) and then my.(s) = 0 by [12, (7B) and (7C)]. It follows
that Cyy+)(s) = Cg;(s), so there exists x € [ (V*) of determinant —1 such
that s* and s are not conjugate in G. Let Dy be a Sylow r-subgroup of
Cg,(s**), and y* € Z(Dy) primary. Thus D, and D are conjugate in G, and
s** € Cg(y*) ~ GL(m, &q®) for some m > 1. Let y be a primary element
of a Sylow r-subgroup of Z(Cg(y*)*). Then Cg:(y) = Cg(y*)* and (y) is
conjugate in I(V*) with the subgroup generated by a dual of y*, so y* isa dual
of y* for some integer k > 1 and (y) = (y¥) by |y¥| = r%. By the remark of
(3E) we may suppose s* lies in the r-section containing y* and s* € Cg(y*)*.
There exists a block by of Cg,(y*) labeled by (s, -), so that ((y*), bx) is
a Brauer pair of G, labeled by ((y*), s*, -) and b% C &(Gy, (s*)) by (3C).
Since s and s* are conjugate in I(V*), it follows that b¢ = B = b¢ by the
first half of the proof and so B covers % . Since s and s* are not conjugate
in G, it follows that bGo # b% and so b = p'Go. Thus s* and s’ are
conjugate in Gj . This completes the proof.

4. WEIGHTS FOR CLASSICAL GROUPS

In this section we count the number of B-weights for a block B of finite
classical groups. Given I' € F' and integer d > 0, let V- ; be a unitary
space of dimension réerdr over F,2, or a symplectic or orthogonal space over
F, given by (3.12). Denote G = Gy = U(Jt 4) in the case V1 4 is unitary,
and G = I(Vt 4), Go = Iy(Vr,4) in the remaining cases. Let 0 < y < 4,
and ¢= (¢, ¢z, ..., ¢;) asequence of nonnegative integers such that d — y =
¢1 + ¢y +---+ ¢ . In addition, let

R=Rmr,ar,}’1Ac. IACZI"'IACI,

be a basic subgroup of G, C = Cg(R),and N = Ng(R). Then C = Cro1,Q1,
where I, and I; are identity matrices of orders r’ and ré*@++a respectively.
Define 6 on C by 6(c®1I,®1;) = 6r(c) for c € Cr. Then 0 is an irreducible
character of C and (R, 6) isof type I". Regard 6 as a character of CR trivial
on R. Then the block b of CR containing 6 has defect group R and the
Brauer pair (R, b) of Gy has label (R, xr, -), where b is regarded as a block
of C, and xr = rlerI” in the case G is unitary and xr is given by (3.14)
in the remaining cases. Let Vi o, be the underlying space of Rp o,y
Gme,or,y = UWVmp ,or,y) In the case Vi, o,y is unitary, or I(Vipp or,y) in the
remaining case. If 6r ® I, is the character of Cg, . ,(Rmr,ar,y) = Cr®l,
defined by (6r®1,)(c®1,) = 0r(c) for c € Cr and N(6r®1,) is its stabilizer
in Ng,_ .. ,(Rmar,y), then by (2.2) or (2.5)

N(0) = (N(6r ® I,)/ Ry ,ar,y) ® Nsqu)(4c) s
N(0)/R~ (N(0r®IL)/Rmp ar,y) X GL(c1, 7) x --- x GL(¢;, ).

sar,y

(4.1)

Thus the characters w in Irr’(N(6), 6) are parametrized by (/ + 1)-tuples
(wo, ¥1,..., W), where y € Irro(N(0r®Iy), Or®I,) and y; is an irreducible
character of GL(c;, r) of defect O for i > 1. Necessarily, y; are one of the
r — 1 Steinberg characters of GL(c;, r) for i > 1. By (3A) or (3I) there are
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Prer such characters g, so that there are Brer(r — 1) such characters v,
where Br = 1 or 2 accordingas I' € U S or I' € % . Thus there are
Prer(r — 1)! bY%-weights of the form (R, I(y)).

(4A). Let V = Vr 4, B a block of G with defect group D and root block b
such that [V, D)=V and b% C &(Gy, (xr)). Then there are exactly Prerr?
B-weights (R, ¢), where R runs over the basic subgroups of G with degree
ﬂrerdrrd .
Proof. (1) Suppose R = Ry, o,y,c is a basic subgroup of G, (R, ¢) is a B-
weight, and ¢ covers the irreducible character 6§ of Cg(R)R. Then the block
b of Cz(R)R containing 6 has a defect group R and b¢ = B. By (3B) or
(3J)(a) (R, 0) hastype A for some A€ ¥’ and (R, b) haslabel (R, x5, -),
where b is regarded as a block of Cg(R). If V is unitary, then A =T by
[7, (3.2)]. Suppose V is a symplectic or orthogonal space. Let (D', b’) be a
maximal pair containing (R, b), so that b’* = B. As a block of Cg(D')D', b’
is also a root block of B and 5% = b"% C &(Gy, (xa)) by (3C). Since D' is
a defect group of B, D' and D are conjugate in G and so [V, D'] =V . By
(3K) x, and xr are conjugate in /(¥*), where V'* is the underlying space of
Gy. Thus A=T and m=mr, a=or, y+c+aa+--+¢=d.

The number of different sequences ¢ = (¢y, ¢3, ..., ¢;) such that

d(Rmr’ar’y’c) = ﬂre[‘drrd and l(Rmr’ar’y,c) =l

is (4777"). Here 1 </<d—y when d—y>1; [ =0 when d =y, and
(:{) is interpreted as 1. There are frer(r — 1)/ characters ¢ associated with

Ruy,ar,y,c» SO that there are
d d-y

prer > (1777 ) (= 1) = precrt,

y=0 /=0

characters associated with Ry op,y,¢’S.

(2) Suppose V is a symplectic or orthogonal space. By (3J)(b) the pair (R, 6)
of type I' is determined uniquely up to conjugacy in Ng(R), so that there
are Prerr? B-weights (R, ¢). Suppose V is a unitary space and (R, b’) is
another Brauer pair of G such that 5'¢ = B, and 6’ is the canonical character
of o', where R = Ry or,y,c- Then (R, 0') has type I', C = C(R) =
Cr®1l,®1, and 6' has the form 6 ® I, ® I, where 6 is an irreducible
character of Cr. If b is the block of Cr containing 6}, then b;°" = Br

and both Br and b; have a defect group Rr. By definition blgr = Br and
br has a defect group Rr. Thus bf = by for some w € Nr by Brauer First
Main Theorem. A similar proof to that of (3J)(b) shows that 6’ = 6" for some
n € Ng(R). Thus (4A) follows in this case.

Remark. In the notation of (4A), suppose V is orthogonal, G = I(V), and
Go = Iy(V). If (R, 6) has type I', then |[N(0) : Ny(6)| = Ppr and for each
v E IrrO(N (0), 0), the restriction |y, of ¥ to No(8) is irreducible, where
No(6) = N(6) N Gy. Indeed in the notation above v = (¥, ¥i,..., ¥) as
a character of N(0)/R, where w € If®(N(6r® I,), 0r ® I,), and y; is an
irreducible character of GL(c;, r) of defect O for i > 1. Let Ny(6r®1,) be the
subgroup of N(6r®1,) of determinant 1. Then |N(6r®1,) : No(6r®1,)| = Br
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and the restriction of yy to No(fr ® I,) is irreducible by the remark of (3I).
Thus by (4.1) |[N(6) : No(6)| = Br. Now the restriction of y to

H = (No(6r ® I,)/ Ry o ,y) X GL(c1, 1) x GL(c2, ) x --- x GL(¢y, r)

is irreducible. Since Ny(6)/R > H, y|ny6)r is irreducible, and so |y is
irreducible.

Given I' € ¥’ and integer wr > 1,let G = U(V) or I(V) and Gy = G
or Iy(V), where in the former case V' is a unitary space of dimension wrerdr
over F,., in the latter case V' is a symplectic or orthogonal space over F, such
that dim V = wrfrerdr and if V is orthogonal, then n(V) = &*r or ef™
according as ' e % or I'e #U% . Thus if V is unitary, then s = wrerl’
is a semisimple element of G and Cg(s) ~ GL(wrer, erg’r), so that G has a
block B labeled by (s, -) and a defect group D of B acts fixed-point freely on
V since we may suppose D is a Sylow r-subgroup of Cg(s). In the remaining
case, a semisimple element s* in Gy exists such that mp(s*) = frerwr and
nr(s*) = n(V), so that a primary element of a Sylow r-subgroup of Cg(s*)
exists and by the remark of (3E) a dual s of s* exists in Gj; which is uniquely
determined in I(V*) up to conjugacy, where V'* is the underlying space of
G . Moreover, by (3K) s uniquely determines a block B of G which covers
a block in &,(Gy, (s)) and whose defect group acts fixed-point freely on V.

For each T € %' and integer d > 0, let & 4 = {¢r.q,;,;:1 <1 <
Brer, 1 < j < r?} be the set of characters associated with basic subgroups
of G= U(Vl',d) or I(Vl",d) in (4A)

(4B). With the preceding notation, let B be a block of G with defect group
D and root block b such that [V, D] =V and b% C &(Go, (s)). Then the
number of B-weights is the number fr of assignments

]_[%{-,d—»{r-cores}, r.d,i,j = Kr,d,i,j,
d>0
such that
dﬂrer r
Z’ zzl’cl‘,d,i,jl =Uur.
d>0  i=1 j=1

Proof. Let (R, ¢) be a B-weight of G, C = Cg(R), and N = Ng(R). Then
there exists a block » of CR with defect group R such that ¥¢ = B and
@ € bN . We may suppose Z(D) < Z(R) < R< D. Let z be a primary element
of D defined by the remark of (2D). Then z € Z(D) and [V, z] =V, so that
Cy(R) =0. Thus in the decomposition (2B) or (2D) of R, we may suppose
R=R% x R% x ... x R,

where R;’s are distinct nontrivial basic subgroups and R; appears d; times as
a component of R. Let V; be the underlying space of R;, G; = U(V;) or I(V})
according as V; is or is not a unitary space, C; = Cg,(R;), and N; = Ng,(R;).
Then C = C{" X ng X oee X C,‘f" . Let 6 be the canonical character of b, so
that we may suppose 6 = [[“, 0%, where 6; is an irreducible character of
C;R; trivial on R;. Let z; be the restriction of z on V; and K; = Cg,(z;)
for all i. Then K; and []._, K{"’ are a regular subgroup of Ip(¥;) and Go,
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so that [],(K})% is embedded as a regular subgroup of Gy. If (R, si,-) is
a label of the Brauer pair (R;, 6;), then s; € K, [T, s% e [T,(K})%, and
so (R, [T, sf’" , —) 1s a label of the Brauer pair (R, b). Thus s; and xr are
conjugate in Io(¥;)*, (R;, 6;) has type I', and R; = Ry ar,y,, fOr some y;
and c;. It is clear that

u
N@©) =[N 1Sdy),
i=1
where N(6;) is the stabilizer of 6; in N;. In particular, if w € Irf°(N(6), 6),
then v = []i_, v, where y; is an irreducible character of N(6;)1S(d;) covering
0?“ . Moreover, y; has defect 0 as a character of

N(6:)1S(d;)/R{" = (N(6;)/R;) 1S(dy).

Let Irt’(N(6)), 6;) = {9;,j: 1 < j < Brer(r—1)!®R)} . As shown in the proof
of [3, (2C)], the irreducible characters of defect 0 of (N(6;)/R;)1S(d;) covering
0;1“ are in bijection with assignments ¢; ; — k; ; of characters to r-cores such
that 3°5, |ki, ;| = d;. Thus the irreducible characters of Irr°(N(9), 6) are in
bijection with assignments ¢; ; — k; ; of characters to r-cores such that

u
) (degRi) Y |xi j| = Brerdrur.
i=1 j>1
For fixed d > 0, the number of irreducible characters associated with basic
groups of degree frerdrr? is frerr?. Let & 4 = {¢r 4,i,;: 1 < i < Prer,
1 < j < r?} be the set of these characters. Then the number of B-weights is
the number of assignments

% .a— {r-cores},  or a.i,;—xra.i;
40
such that
Brer
> Brerr®dr Y > Ikr a.i,51 = Brerdrwr.
d>0 i=1 j=1

This induces the required condition of (4B).

(4C). With the preceding notation, let G = O(V') be an orthogonal group, Gy =
SO(V), and R a radical subgroup of G such that [V ,R] =V . Let (R, b)
a Brauer pair of Gy labeled by (R, s, -) and 0 the canonical character of b.
Then |N(0) : No(8)| = Br and the restriction /|y, of each y € Irr°(N(6), 6)
to Ny(0) is irreducible, where Ny(6) = N(6)N Gy.

Proof. In the notation above R = R‘{‘ X Rgz x -+ x R% 'V is the underlying
space of R;, C = Cg(R) =], Cfi" ,and 6 =[], 0;"' , where 0, is an irre-
ducible character of C; = Co(y;)(R;) for i > 1. Each (R;, 6;) has type I'. Let
N(0:) and No(6;) be the stabilizers of 6; in Noy;)(R;) and Nsoxy;)(R;) respec-
tively. By the remark of (4A), |N(6;) : No(6;)| = Br and so |N(0) : No(0)| = Br
since N(0) = [T, N(6:)1S(d;). If v € Im®(N(6), 6), then y = [“, i,
where y; is an irreducible character of N(6;)1S(d;) covering 0;1" . Moreover,
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v; has defect 0 as a character of N(6;)1 S(d,-)/R;"' ~ (N(6;)/R;)1S(d;). Let
No(()f") be the subgroup of N(6;)1S(d;) of determinant 1. It then suffices to

show that the restriction of y; to N0(0,‘.1") is irreducible. Thus we may sup-
pose u =1 and d = d;, so that 0 = 0‘11 and N(0) = N(6,)1S(d). Since
IN(0) : No(0)] < 2, w|nye is irreducible if and only if N(6) stabilizes an
irreducible constituent of |y -

Let T = N(6;), H= N(§) = T1S(d), X = T¢ the base subgroup of H,
Hy = Ny(0), and X the subgroup of X of determinant 1. Then H = X xS(d)
and Hp = Xo x S(d). We may suppose |H : Hy| =2 and hence |T : Ty| = 2,
where Ty = T N Iy(V}). Morever, (R;, 6;) has type I' and the restriction of
each character in Irt’(T', 6,) to Ty is irreducible by the remark of (4A). As
shown in the proof of [3, (2B)] (cf. also [17, 5.20]), the irreducible characters
of H can be obtained as follows: Let Irr T = {&!, &2, ..., &} be the complete
set of irreducible characters of T, and ¢ an irreducible character of X . Then
m = (my, my, ..., m) is called the type of ¢ if m; is the multiplicity of &
as a factor of ¢. The stabilizer of ¢ in H is XSy, and ¢ can be extended
to an irreducible character ¢ of XS, (see [17, 5.13]), where Sy, is the Young
subgroup of S(d) of type m. By Clifford theory, all irreducible characters
of XSy, covering ¢ have form &¢ and Ind?s_. (f() is irreducible, where ( is
an irreducible character of XS, trivial on X. Moreover, these characters
{Indi,’sm(&;)} consist of a complete set of irreducible characters of H as ¢
runs over the representatives of conjugacy H-classes of Irr X, and, while ¢
is fixed, { runs over irreducible characters of Sy, where m is the type of ¢
(see [17, 5.20]). In particular, Indﬁsm (&0) has defect 0 as a character of H/R
if and only if { has defect 0, and ¢ has defect O as a character of X/R. If
Ind’}sm (EC )€ Irro(H, #), then we may suppose £ covers 6.

Suppose & € Irr°(X , 8) . Then the restriction ¢y = |y, is irreducible since
4 lrg is irreducible by the remark of (4A). Let K be the stabilizer of & in Hj.
Then XoSn < K, where m is the type of £. We claim X,S, = K. Indeed
if there exists x € K\ XoSm, then we may suppose x € S(d)\Sm, & # &, and
&*|x, = o, since Hy = XoS(d) and the stabilizer of £ is XSy . In particular,
d > 1. Thus & # & for some ith components & and & of ¢ and &~
respectively and so ¢;(h) # &j(h) for some h € T. Since &|x, = &¥|x,, h has
determinant —1. Let w = diag{w,, w,, ..., wy} € X such that w; =h =w;
forsome j #i,and wy =1 for k # i, j. Then w € Xy and so &(w) = &E¥(w).
But the ith components of &(w) and &¥(w) are &;(h) and &](h) respectively.
This is impossible and the claim holds. N

Since ¢ is an extension of & to XSp, it follows &|x, = & and hence
&|x,s. = & is an extension of & to XoSm. By Clifford theory again, each
irreducible character of XySp covering & has the form &y, where x is an
irreducible character of XS trivial on Xj, and each irreducible character of
Hy covering &; has the form Indﬁgsm(éox). Now for v € IrrO(H ,0), v =
Inde’sm(é~ {) for some irreducible character £ of X with defect O as a character
of X/R, and &|x, = & is irreducible. Thus there is an irreducible constituent
wo of w|g, covering & and so yp = Ind’}gsm(fox). We claim that y§ = y
for any 7 € X . Indeed this is true for 7 € X; and we may suppose 7 has
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determinant —1. Since | XSy : XoSm| < 2, 7 normalizes XSy, and for x, h €
H,, we have h* X € XOS.ll if and only if A* € XSy s1nce B = g7
and x"'t-lx e X. If ¥ '¥ € XoSm , then Eox)(hT %) = (Eox)" (h*), where
v = x"ltx € X. Since é| XoSm = &, is irreducible and x 1is trivial on Xj,
é =& and y& =y forany g € X. Therfore (&x)* (h*) = (&x)(h*) and so
(on>(h""‘) = (ox)(h*), forany h, x € Hy. Thus y§ = yo and so y|x, = ¥o
is irreducible. This proves (4C).

We now prove the main theorem of unitary groups.

(4D). Let V be a unitary space over F., G = U(V), B be a block of G
with label (s, x), [Ips(I') the primary decomposition of s, > V(I') the
corresponding orthogonal decomposition of V, and wr the integer such that
dim V' (I") — dr|kr| = drerwr. Then the following hold:

(1) The number of B-weights of G is [Ir fr, where fr is given by (4B). In
particular, fr is the number of er-tuples (k\, ka2, ..., Ke.) Of partitions k; such
that Efi] |ici| = wr .

(2) The number of B-weights of G is the number [(B) of irreducible modular

characters in B.
Froof. Let R be aradical subgroupof G and V =V, L V, , where V) = Cy(R)
and V., =[V,R]. Then R = Ry x R, , where Ry = (ly;) and Ry < U(V,).
Let C = CG(R), N = Ng(R), so that C = Cy x Cy, N = Ny x N, where
Co = No=UW), Cy = Cyw,)(Ry) and N, = Nyw,)(Rs). Suppose b is a
block of CR with defect group R and b° = B. Then b = by x b, , where
by is a block of CyRg = U(Vp) of defect 0, and b, is a block of C,R; with
defect group R, . The canonical character 8 of b decomposes as 6y x 6.,
where 0y and 0., are the canonical characters of by and b, respectively. Thus
N(6) = Ny x N(6,), where N(6.,) is the stabilizer of 6, in N,.

Suppose (R, I(y)) isa B-weightof G, forsome y € Irr°(N(6), ). Clearly
v = yo x y, for character yy of Ny and y, € IrrO(N (6+), 08+). Since yp is
a character of Ny = Cp covering 6y, it follows that yy = 69. The corre-
spondence (R, I(y)) — (R4, I+(y4+)), where v = 6o x y, and L (yy) =

nd%{eﬁ(m) , is clearly a bijection from {(R, I(y)): ¥ € IrrO(N(O), 6)} to
{(Ry, I+(w4)): vy € IM°(N(6s), 6,)) .

By a theorem of Broué-Puig, [7, 3.2], we may suppose s = sy X 54 such that
s0 € Co, s+ € Cy, (o, k) is the label of by, and (s, -) is the label of HY¢+)
In the correspondence above, (R, I+(!//+)) isa bU(V‘”) -weight. So the number
of B-weights in G is the number of bU welghts in U(V,). Thus we may
suppose V =V, .

Let R = ]'[f.=l R; and V = 69?:1 V; be the decompositions of (2B), and let
C =TI, C and 6 =]}, 6;, where C; = Cyw,(R;) and 6; is a character
of C;. Since the block b; of C;R; containing 6; has a defect group R;,
(R;, 6;) has type T" for a unique I' € #' by (3B). Moreover, if (R;, t;,-) is
the label of (R;, b;), then (R, [];t, -) is the label of Brauer pair (R, b) of
G, where b; and b are regarded as blocks of C; and C respectively. By [7,
(3.2)] (R, s, -) is also a label of (R, b), so that s and [];#; are conjugate in
G.Let RT)=[[;Ri, CD)=TI,Ci, 6(I) =[] 0;, and ¢T) =[]; ¢;, where
i runs over all 1 < i<t such that (R;, 6;) isof type I'. Then R =[[-R(T
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0=[[r0T), C=][CT),and []-#(I') is a primary decomposition of s in
G . We may suppose s(I') = ¢(I'), so that N(6) = [[ N(6(T")) , where N(6(I))
is the stabilizer of 6(I') in Ny () (R(T)).

Each v = [y w(),for v € Irr°(N(6), 6) and W(I) € I’ (N(O(I)), 6(T)).
Let b(T") be a block of C(I') containing 6(I'), and B(I') = (VYD) | Then
B(I') is labeled by (s(I'), -) and (R(T'), I(w(I'))) is a B(I')-weight. Con-
versely, if B(I') is a block of U(V(I')) with label (s(I'), -) and (R(T), ¢(I"))
is a B(I')-weight, then there exists a block 5(I') of C(I')R(I') with defect
group R(T') and the canonical character §(I") such that H(IVD) = B(I)
and ¢(I) = I(w(T")) for some w(I') € Irr®(N(8(I")), 6(I)). Let R = [IrR(T),
0 =T1Ic6), b =][rbT), and v = [[rw([). Then y € I’ (N(6), ),
b% =B,and (R, I(y)) isa B-weight. By (4B) the number of B(I')-weights of
UV (T')) is fr and so the number of B-weights of G is []; fr. By [3, (1A)]
Jr is also the number of er-tuples (k,, k2, ..., k,.) of partitions x; such that
3T, |kil = wr. This last number is also the number of partitions with er-core
kr and er-weight wr. So []p fr is the number /(B) of irreducible modular
characters in B by [11, (8A)]. This completes the proof.

(4E). Let q be a power of an odd prime, V be a symplectic or even dimensional
orthogonal space over ¥y, G=1(V), Gy = Iy(V), B a block of G with defect
group D and root block b such that [V ,D] =V and b% C &(Gy, (s)) for
some s € Gy. Let s* be a dual of s in Gy and mr(s*) = wrfrer, where wr
is an integer and Pr = 1 or 2 accordingas ' €e U or I' € % . Then
the number of B-weights is []y fr, where fr is given by (4B). In particular, the
number fr is the numbler of Prer-tuples (ki, k2, ..., Kpg.e) Of partitions k;
such that Ef’j’r |ki| = wr.

Proof. Let (R, ¢) be a B-weight of G, C = Cg(R), and N = Ng(R). Then
there is a block b of CR with defect group R and the canonical character
6 such that 56 = B and ¢ = I(y) for some v € Irr°(N(6), 6). We may
suppose Z(D) < Z(R) < R<D,sothat [V,R]=V.

Let R = [[}R; and ¥V = ¥!_, Vi be the decompositions of (2D), and let
C = ]'[ﬁ=l Ci,and 0 = l'[f-=1 6, where C; = Cyy;)(R;) and 6; is a character
of C;R; for all i. The block b; of C;R; containing 6; has defect group
R;. We claim that there is a weight (R;, x;) of I(V;) such that y; covers
0; , namely there is an irreducible character y; of N;/R; which covers §; and
whose defect is 0, where N; = N[(V’.)(R,') . Thus by (3J)(a) (R;, 6;) has type I
for some I € &#'. To prove the claim we rewrite the decomposition of R as
[T}, Rf" , where R;’s are distinct basic subgroups and R; appears d;-times as
a component of R. Then

N=][Ni186d)).
j=1

Thus ¢ = l'[;;l ¢; and (R;[’ , @) is a weight of I(U;), where U; is the un-

derlying space of Rff . So we may suppose ¥ =1 and d =d,. Thus R = R‘f ,
N = N;1S(d), and ¢ is a character of defect 0 of N/R ~ (N;/R;)1S(d). As
shown in the proof of (4C), the restriction of ¢ to the base group (N;/R;)¢ of
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N/R has a constituent (&, &, ..., &;) covering § and each &; has defect 0
as character of N;/R;. Thus &; covers 6; and the claim holds.

Let (R;, t;, —) be the label of Brauer pair (R;, b;). As shown in the proof
of (4B), (R, [Ii_, t:, -) is a label of (R, b) and 6% C &(Gy, ([, 4:)). If V*
is the underlying space of G}, then s and []i_,# are conjugate in I(V*) by
(3K).

Let RI") = [[;R:, V() = >, Vi, C¢(I') =1I],Ci, 6() = [];0;, and
t(I') = II,;t:, where i runs over 1 < i <t such that (R;, 6;) is of type
I'. Then R =[[RT), V =3V, C=I[rCcT), 6 =10, and
[I-¢(I') is conjugate with s in I(V*). It is clear that N(6) = [ N(6(I")),
where N(6(I')) is the stabilizer of 6(I') in Ny ) (R(I')). A similar proof to
the last paragraph of (4D) shows that the number of B-weights is [ fr and
by [3, (1A)] fr is the number of PBrer-tuples (x;, k2, ..., Kpg..) Of partitions
k; such that Y |«;| = wr. This completes the proof.

Remark. With the assumption of (4E), let G = O(V), Gy = SO(V), (R, ¢)
a B-weight of G, and 6 an irreducible character of C = Cg(R) covered by
¢ . Then |N(6): No(0)| =1 of 2 according as my4(s) =0 or my4(s) #0.
Moreover, for each y € Irt’(N(6), 6), the restriction ¥|ny0) is irreducible,
where Ny(f) = N(6) N Gy. Indeed in the notation above R = [[pR(I),
V=5rV(D), 6 =116, N®) = [Ir N(6(T), and s = [[p4(T). Thus
v = [Irw) for some y(I') € Irr (N(@T)), 6(I). Since [V,RI =V, it
follows that [V(I'), R(IN] = V(I'). If b(I') is the block of Coy(r) (R(I))R(I)
containing 6(I"), then the Brauer pair (R(I'), 6(I")) has label (R(I'), ¢t(I'), -).
By (4C) |N(6(I')): No(6(I'))l = Br and w(I')|ny o) Iis irreducible, where
No(6(T)) = N(O()) NSOV (I)). So |N(6) : No(6)] = 1 or 2 according as
mx+1(s) =0 or my+(s) # 0, and |y, is irreducible.

(4F). Let q be a power of an odd prime, G = Sp(2n, q) = Sp(V), B a block
of G contained in (G, (s)) for some semisimple r'-element s of G* =
SO(2n +1,q). Let D be a defect group of B, Vy = Cy(D), V, =[V, D],
sothat V. =Vy L V,, and let s = sy x s, be the corresponding decomposition
in G*. Then mr(s) — my(so) = wrpPrer for some wr > 0, where fr = 1
or 2 according as ' € AUSAH or T’ € %. The number of B-weights is
[Ir fr. where fr is given by (4B). In particular, fr is the number of Prer-tuples
(K1, K2, ..., Kpe) Of partitions k; such that zﬁ? |xi| = wr.

Proof. Let (D,b) be a maximal Brauer pair of G containing (1, B), and
¥ be the canonical character of b. Then D = Dy x D,, b = by x b, , and
¥ =0y x 9, , where Dy = (1y,) < Sp(W), Dy < Sp(V;), bo, by are blocks of
Sp(V) and Csyv,)(D,) respectively, and 9o € by, 9, € b, .

Let (R, ¢) be a B-weight of G, C = Cg(R), and N = Ng(R). Then
there is a block b of CR with defect group R and canonical character 6
such that b = B and ¢ = I(y) for some v € Irr°(N(0), 6). We may
suppose Z(D) < Z(R) < R< D. Thus Cy(R) = W, [V, R] = V,, so that
R=RyxR;, C=CyxCy, N=Nyx N,, where Ry =Dy, R, < Sp(V,),
Co=Ny = Sp(Vb) , Cp = Csp(V+)(R+) ,and N, = NSp(V+)(R+) .Let b= bo X b+
and 6 = 6y x 6, be the corresponding decompositions. Then by is a block
of CoRy = Sp(Vy) of defect 0, b, is a block of C,R, with defect group
R,,and 6 € by, 0, € by. We claim 6y = 0. Indeed let (D), b)) be a
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maximal Brauer pair of Sp(V,) containing (R, b;), b’ =byx b/, ,and D' =
DyxD', . Then (D', b’) is a maximal Brauer pair of Sp(¥p)xSp(¥,) containing
(R, b). If N(D',V) is the stabilizer of (D', V) in the normalizer Ng(D’)
of D', then (D', b’) is maximal in G if and only if (D', V') is maximal in
N(D', V). Since Ng(D') < Sp(V)xSp(Vy), (D', V) is maximal in N(D', b')
and then maximal in G containing (1, B). By the Brauer First Main Theorem,
(D, b)¢ = (D', b') forsome g € G, so that (J x 9,)¢ = 6y x ¥, , where ¥, is
the canonical charcter of b, . Since D = Dyx D, and D’ = Dy x D', , it follows
8 € Sp(¥o) x Sp(V,), and so g = go x &+, for g € Sp(V,) and g, € Sp(V,).
Thus 6y = 9 and 9% = &, . Moreover, bP"*) = pSPH+) = p’Se("+)

It is clear that N(6) = Nyx N(6,), where Ny = Sp(¥;) and N(6.) is the sta-
bilizer of 6, in N, . If y € Irr’(N(6), ), then v = yox y, , where ¥, is an
irreducible character of Ny = C, covering 6, and w, € Irt°(N(6,), 6,),
so that yy = 6y = Oy. The correspondence (R, I(y)) — (R, I.(y,)),
where ¥ = 0y x v, and I.(y,) = Indx{m(m) , is clearly a bijection form

{R, I(w): y € Im*(N(8), 6)} to {(Ry, L (ws)): vy € I°(N(6,), 6.)}.
Since (R, I.(w,)) is a bS®").weight, the number of B-weights in G is the
number of b3*"*)-weights in Sp(¥,). Thus (4E) implies (4F).

In the following, we consider special orthogonal groups. If G =
SO(2n + 1, q), then by Fong and Srinivasan, [12, (10B)], a block B of G
is labeled by a pair (s, x), where s is a semisimple r’-element in a dual group
G* of G, x = [[p«r is a product of symbols or partitions kr according as
I'e% or I € #U% such that each «r is the er-core of either a symbol with
rank [%mr(s)] and odd defect, or a partition of mr(s) accordingas I' € % or
I'e #/ U . Moreover, by [12, (12A)], B C &(G, (s)).

(4G). Let q be a power of an odd prime, G = SO(V) =SO(2n+1,q), B a
block of G with label (s, ), [Ips(I') a primary decomposition of s in G* =
Sp(2n, q), and let wr be an integer such that mr(s) = |kr| + erwr if T €
FAUS, and my(s) =2 rank kr + 2erwr if I € % . Then the following hold:

(1) The number of B-weights of G is [l fr, where fr is the number of
Prer-tuples (ky, K2, ..., Kge) of partitions k; such that Ei’f’ |%i| = wr, and
Br=1 or2accordingas Te US orT €H.

(2) The number of B-weights of G is |BN& (G, (s))|.

Proof. Let G=0(V),sothat G=(—1,)xG,andlet B =1xB be a block of
G, where 1 is the principal block of (—1y). Let (R, ¢) be a B-weight of G,
N = Ng(R), and N = Nx(R), so that N = (—1y) x N. There exists a block
b of N suchthat p € b and b = B. Let b =1x b and ¢=1_1,)x0,

where 1._ ) is the pnnmpal character of (—1y). Thus ¢ € B, bo = E, and
(R,9) isa B-weight of G . The correspondence (R, 9)— (R, @) isclearly a
bijection from B-weights to B-Evexghts. Thus the number of B-weights in G
is the number of E-weights in G. B B

Let (D, b) be a maximal Brauer pair of G containing (1, B), ¥ the canon-
ical character of b, ¥y = Cy(D), V., =[V,D]. Then V = V¥, L V, and
V, is an even dlmensmnal orthogonal space since D is radical. In addition,
let Go = O(Vy), Go = SO(Vy), G, = O(V,), and G, = SO(V,). Then
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D=DyxD,, b=byxb,, 8 =0y xd,, where Dy = (1y,) < Gy, Dy <Gy,
bo, b, are blocks of Gy, Cy,(D4) respectively, and B0 € by, O, €b,.

5 Now the proof of (4F) can be applied here with G replaced by G‘, B by
B,9 by 9,b by b, and some obvious modifications. Thus the number of

B-weights in é~ is the number of b%*-weights in G,. Moreover, b, is a
root block of bY* and B%+ C &(G,, (s;)). Since Cz(D) = (~1y) x Cg(D)

and B = 1 x B, it follows that b = 1 x b for some block b of Cg(D) and
byg=1 X by, where 1 is the principal block of (—1y,) and bg is a block of Gy .
Thus 9 = 1(_%) x 99 for 9y € by. Since CE (Dy) = Cg,(Dy), b, is a block

of Cg,(D,) and then by x b, is a root block of B. Here by x b, is regarded
as a block of Cg(D)D. As shown in the proof of [12, (12A)], (so, k) is the
label of ¥, so that mr(s) = |kp|+mr(sy) if I' € AUS, and mr(s) = 2 rank
K+mr(sy) if TeH. Thus mr(sy+) = mr(s}) = wrpfrer, where s} is a dual
of s, in G, . So (4G)(1) follows from (4E).

Finally, there exists a bijection between &(G, (s)) and & (Cg-(s)*, (1)). By
[12, (12A)] and [19, Proposition 14] the number given by (1) is the number of
the characters of &(G, (s))NB.

Remark. (1) Suppose G =SO(2n+1, q) and r is a good prime. Then by [13,
5.11 I(B) =|BN&(G, (s))|, so that /(B) is the number of B-weights.

(2) By a result of Fong and Olsson (unpublished), if G =SO(2n+1, ¢q) and
r is odd, then /(B) = |BN& (G, (s))| and this is the number of B-weights.

(4H). Let q be a power of an odd prime, G = SO*(2n, q) = SO(V), B is
a block of G with defect group D and root block b such that B C &(G, (s))
for some semisimple r'-element s of G* = SO*(2n, q), and let Vo = Cy(D),
V. =[V,D], sothat V.= Vy L V,. Let s = 5o x84, O = 0 x 0, be
the corresponding decompositions, where O is the canonical character of b. If
mr(sy) = wrBrer for some wr > 0, then denote fr the number of Prer-tuples
(K1, K2, ..., Kpge.) Of partitions k; such that fol" |xi| = wr, where fr =1
or 2 according as T € HUS or T’ € % . Then the following hold.

(1) If either mx4(sy) =0 or O° = Oy for some gy € O(Vy) of determinant
—1, then the number of B-weights is [ fr.

(2) Suppose mxy(sy) # 0. If either Vo =0 or 8g° # O for any a9 € O(Vp)

of determinant —1, then the number of B-weights is %Hr .
Proof. Let G = O(V), Gy = O(Vp), Go = SO(Vy), G+ = O(Vy), Gy =
SO(V,), and D = Dy x D, , where Dy = (ly,) and D, < G,. In addition,
let b, be a block of Cg, (D4)D, containing 9, , and bf* C &(G4, (s})) for
some semisimple r’-element s} of G%. Then (D,, s}, -) is a label of Brauer
pair (D,,b,). But (D,,s;,-) is also a label of (D, b,), and so s,, s, are
conjugate in G .

Let (R, ¢) bea B-weight, C = Cg(R), C = C~(R) N = Ng(R), and N=
Nz(R) . Then there exists a block b of CR with defcct group R and canonical
character 0 such that b = B and ¢ = I(y) for some y € Inr(N(6), 6). We
may suppose Z(D)<Z(R) <R<D,sothat R=Ryx Ry, C=GyxC,,
C = GoxC+, N = (1, Gy x N,), and N = GoxN+,where Ry = Dy,
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R. <Gy, Cp =Cg,(Ry), Ny = Ng,(Ry), No = Nz (Ry),and =719 %1,

with 79 € Gy, 7, € G, of determinants —1. Thus N = (1o, N), 0 = 6y x 0.,
and b = by x b, , where by is a block of Gy of defect 0, b, is a block of C.R,
with defect group R,, 6p € by, and 6, € b, . _

Let (D), b,) be a maximal Brauer pair of G, containing (R, , b,), where
b, is regarded as a block of C.. Let D' = Dy x D, b = by xb/,. A
similar proof to that of (4F) shows that (D’, b’) is a maximal Brauer pair of G
containing (R, b), where b is regarded as a block of C. So (D, b)¢ = (D', V)
for some g € G by the Brauer First Main Theorem. Thus g = go x g for
g € Gy and g, € G, . If detgyg = —1, then we replace b by b* and 6, by
6;°. We may suppose gy € Go and g, € G,. Since (¥ x 9,)¢ = 6y x ¥, ,
it follows that 6y = 8y and 95" = 9, , where ¥, is the canonical character

of b, . It follows that b'®* = b%* | so that b'S* = b% and we may suppose
-1
(R4, sy, -) is a label of (R,, b,). Replacing R by Ry x Ri* and b by
-1
by x b%+ |, we may suppose (R, b) < (D, b).

~

(1) Suppose my+i(s;)=0. Set B, = bf* , So that b, is a root block of B,
and D, is a defect group of B.. . We shall show that the number of B-weights
in G is the number of §+-weights in (~?+.

Let N(6,) and N(6,) be the stabilizers of 6, in N, and N, respectively.
By the remark of (4E) N(6,) = ]V(OJ,). Since N(8) = Gy x N(0,), it fol-
lows that y = 6 x w, for some w, € Irrf°(N(6,), 6,). Then (R, , L.(w,))

is a B,-weight of G, , where I(y,) = Ind%;e )(c//+). Conversely, suppose
+

(Ry,py) is a B.-weight, where R, is a radical subgroup of (~?+. Then
[Vi, Ry] = V, and there exists a block of C,R, with defect group R, and
canonigal character 0, such that ¢, = I, (y,) for some y, € IrrO(IV 04),64)
and bf* = B, , where C,, N, are given before, N(6,) is the stabilizer of 6,
in N, and I, is defined as before. By the remark of (4E) N (64) <G4. Let
0=08,x0,, R=DyxR,, w=0 xy,, b ablock of C5(R) containing 6,
and N(0) the stabilizer of # in N = Ng(R). Then N(0) = Gy x N(6,) and
w € Irf°(N(9), 6). We may suppose (R, ,b;) < (D, b,), so that (R, b) <
(D,b). Thus b% = B and (R, I(y)) is a B-weight. The correspondence
(R, I{y)) — (R4, I.(yw,)), where R =Dy x R, and y = ¥y x y, is clearly
a bijection from {(R, I(y)): v € Ir°(N(8), 8)} to {(R:, I.(w.)): ws €
Irr°(N(6,), 6.)}. So the number of B-weights is the number of B,-weights,
and it is [] fr by (4E).

Suppose 8% = ¥, for some gy € éo of determinant —1. Then there are two

irreducible characters o and 9 of Gy covering 0. Let & = 9 x 9, , 8" =
9y x 9., and b’, b” be the blocks of C5(D) containing ¥, 9" respectively.
Then ¢, 9" are not conjugate in Nx(D) = Go x Nz (Dy),s0 b9 and b"C are

two blocks of G . We shall show that the number of b’a-weights is the number
of B-weights.
Suppose (R, ¢) is a B-weight. In the notation above, N = (1, Gy x N,)
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and N = (10, Go % ]V+), where T = 79 x 7, with 79 € éo, T, € é+ of
determinants —1. Moreover, we may suppose (R, b) <(D,b) and 6y = 0,.
Let 6 = ¥ x 6. and b the block of C containing 6. Then (R, b) < (D, V)

and b% = b, Conversely, if (R, ¢) is a weight of b’G then there exists
a block ~b of CR with defect group R and canonical character § such that
b = b and ¢ € Irr(ﬁ 6), where C is defined before. Then b = by x b,
and 6 = 6y x 0, , where by and b, are blocks of G, and C, respectively and
Gy € by and 6, € b, . As shown in the proof of (4F), we may suppose Gy = 1
and (R, b) < (D, V). Let 6 = 0 x 6, and b the block of C contalmng
6. Then (R, b) < (D, b). In addition, each character ¢ € Irf°(N, ) or
@ € It°(N, 6) covers a character of Irr°(Gy x N, , 6) and each character of
Irr%(Gy x N, , 6) decomposes as O X ¢+ for some ¢, € Irr°(N,, 6,). S

it suffices to show that the number of b’C-weights of the form (R, @) with
¢ covering Uy x ¢, is the number of B-weights of the form (R, ¢) with
¢ covering Og x ¢ . It is equivalent to show that the number of irreducible
characters in bV covering ¥ x ¢, is the number of irreducible characters in
bN covering ¥ x ¢, since (N:N)=(N:Gox N,)=2.

If 7, stabilizes ¢, , then there are two irreducible characters ¢/, and ¢/ of
N, covering ¢+ , so that there are four irreducible characters 9, x ¢/, , 9y x ¢/,
¥y x ¢, and Oy x ¢ of N =Gy x N, covering 0 x ¢, . Moreover, exactly
two of them O} x ¢/, and ©) x ¢’/ cover &) x ¢, and both lie in b¥ by [10, V
3.10 and 3.7]. Since T = 79 X T, stabilizes 9y x ¢, , there are two irreduciblg
characters of N covering ¥ x ¢, and lying in 5" . It follows that both ¥
and IZN have two irreducible characters covering 9y x ¢, , so that the number
of b'G-weights is the number of B-weights.

If 7, does not stabilize ¢ , then there are two irreducible characters ¥ x
(94 +0%*) and O x (9 +9¢%") of N covering 8 x ¢, and only the first lies in
bV . Since (V9 x9,)  #Vox s, N has only one irreducible character covering
0 x ¢, and lying in b¥. So both d¥ and bV has one irreducible character
covering ¥ x ¢, . Thus the number of b’“-weights is the number of B-weights.

A simi~lar proof to that of (4F) can be applied here with G replaced by G,
B by b6, b by b, & by ¢, and some obvious modifications, so that the
ngmber of b'C-weights is the number of bf"-weights. By (4E) the number of
bf*-weights is [Ip fr and this is the number of B-weights. This completes the
proof of (1).

(2) Suppose my+i(sy) # 0 and (R, @) isa B-weight. In the notation above,
suppose N () and N(6) are the stabilizers of 6 in N and N respectively.

If ¥, =0, then (N(6): N(6)) = 2 and |Irr°(N(8), 6)| = 2|Irr’°(N(6), 6)]
by the remark of (4E). So the number of B-weights is ; [[- fr by (4E).

Suppose ¥, # 0 and 9° # ¥ for some 17 € 50 of determinant —1. By
the proof above, we may suppose 6 = 9y x 6, for some character 6, of C,
and (R, b) < (D,b). Let N(0+) and N(6,) be the stabilizers of 6, in N,
and N, respectively. Then N(0) Gy % N(0+) and N(0) = Gy x N(6,),
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so that by the remark of (4E), |Irr®(N(6,), 6.)| = 2|Irr°(N(6,), 6,)|. Thus
[Irr®(N(6), 8)| = 2|Ir’°(N(6), 6)] since each character  of Irr°(N(6), 6) and
each y of Irr°(N(6), 6) decomposes as § = Oy x ¥, and ¥ = O X W,
for some ¥, € Irf°(N(4), 6,) and y, € Ir’°(N(6,), 6;). Let b’ be the
block of Cx(D)D containing ¥ = (¥ + ¥y°) x 9, and b the block of C
containing 6 = (¥ + 0y°) x 0. Since (R, b) < (D,b) in G, it follows that
(R, b) < (D, V) in G,sothat 54 = b'C . Thus the number of B-weights is half
of the number of b’C-weights. A similar proof to that of (4F) can be applied
here with G replaced by G, B by b’GL b by b, ¥ by ¥, and some obvious
modifications, so that the number of b’C+-weights is the number of b¢-weights.

By (4E) the number of bf*-weights is [Ip fr and so the number of B-weights
is %Hr Jr. This completes the proof.

REFERENCES

1. J. L. Alperin, Large abelian subgroups of p-groups, Trans. Amer. Math. Soc. 117 (1965),
10-20.

2. —__, Weights for finite groups, Arcata Conf. on Representations of Finite Groups, Proc.
Sympos. Pure Math., vol. 47, Amer. Math. Soc., Providence, RI, 1987, pp. 369-379.

3. J. L. Alperin and P. Fong, Weights for symmetric and general linear groups, J. Algebra 131
(1990), 2-22.

4. Jianbei An, 2-weights for general linear groups, J. Algebra 149 (1992), 500-527.
, 2-weights for unitary groups, Trans. Amer. Math. Soc. 339 (1993), 251-278.

6. R. Brauer, On blocks and sections. 1, II, Amer. J. Math. 89 (1967), 1115-1136; 90 (1968),
895-925.

7. M. Broué, Les [-blocs des groupes GL(n, q) et U(n, q%) et leurs structures locales, Sém.
Bourbaki Astérisque 640 (1986), 159-188.

8. M. Broué and J. Michel, Blocs et séries de Lusztig dans un groupe réductif fini, J. Reine
Angew. Math. 395 (1989), 56-67.

9. F. Digne and J. Michel, Foncteurs de Lusztig et charactéres des groups linéaires et unitaires
sur corps fini, J. Algebra 107 (1987), 217-255.

10. W. Feit, The representation theory of finite groups, North-Holland, Amsterdam, 1982.

11. P. Fong and B. Srinivasan, The blocks of finite general linear and unitary groups, Invent.
Math. 69 (1982), 109-153.

12. , The blocks of finite classical groups, J. Reine Angew. Math. 396 (1989), 122-191.

13. M. Geck and G. Hiss, Basic sets of Brauer characters of finite groups of Lie type, J. Reine
Angew. Math. 418 (1991), 173-188.

14. D. Gorenstein, Finite groups, Harper and Row, New York, 1968.

15. R. L. Griess, Automorphisms of extra special groups and nonvanishing degree 2 cohomology,
Pacific J. Math. 48 (1973), 402-422.

16. I. M. Isaacs, Characters of solvable and symplectic groups, Amer. J. Math. 95 (1973),
594-635.

17. A.Kerber, Permutations of permutation groups. 1, Lecture Notes in Math., vol. 240, Springer-
Verlag, Berlin, Heidelberg, and New York, 1971.

18. G. Lusztig, Irreducible representations of finitc classical groups, Invent. Math. 43 (1977),
125-175.




42 JIANBEI AN

19. J. Olsson, Remarks on symbols, hooks, and degrees of unipotent characters, J. Combin.
Theory Ser. A 42 (1986), 223-238.

20. D. L. Winter, The automorphism group of an extraspecial p-group, Rocky Mountain J.
Math. 2 (1972), 159-168.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF ILLINOIS AT CHICAGO, CHICAGO, ILLINOIS
60680

Current address: Department of Mathematics, University of Auckland, Auckland, New Zealand
E-mail address: an®mat.aukuni.ac.nz




