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WEIGHTS FOR CLASSICAL GROUPS

JIANBEI AN

Abstract. This paper proves the Alperin's weight conjecture for the finite uni-

tary groups when the characteristic r of modular representation is odd. More-

over, this paper proves the conjecture for finite odd dimensional special orthog-

onal groups and gives a combinatorial way to count the number of weights,

block by block, for finite symplectic and even dimensional special orthogonal

groups when r and the defining characteristic of the groups are odd.

Introduction

Let G be a finite group and r a prime. A weight of G is a pair (R, q>) of an

/•-subgroup R of G and an irreducible character <p of N(R) such that (p is

trivial on R and in an r-block of defect 0 of N(R)/R, where N{R) = NG{R)
is the normalizer of R in G. A radical subgroup R of G is an r-subgroup of

G such that R = Or(N(R)), where Or(N(R)) is the largest normal r-subgroup

of N(R). If (R, (p) is a weight of G, then R is necessarily a radical subgroup

of G. A weight (R, tp) isa B-weight for an r-block B of G if (p is contained

in an r-block b of N(R) such that B = bG, that is, B corresponds to b by

the Brauer homomorphism. In his paper [2], Alperin introduced the concept of

weight in the modular representation theory of finite groups and conjectured that

the number of weights of G should equal the number of modular irreducible

representations. Moreover, this equality should hold block by block. Here a

weight (R, <p) is identified with its conjugates in G. Alperin and Fong in

[3] have proved this conjecture for symmetric groups and for finite general

linear groups when the characteristic r of modular representation is odd. The
author in [4, 5] proved the conjecture for finite general linear and unitary groups

when r is even. In this paper, we prove the conjecture for the finite unitary

groups when r is odd. Moreover, we prove the conjecture for odd dimensional

special orthogonal groups and give a combinatorial way to count the number of

weights, block by block, for both finite symplectic and even dimensional special

orthogonal groups when r and the defining characteristic p of groups are odd.

We may suppose p is different from r since the result is known when p is r

(see [2]).
In the first two sections, we describe the local structures of radical subgroups

of a finite classical group, and in §3 we count the number of weights when

the center of a radical subgroup is cyclic. The conjecture has been proved for

unitary groups in (4D) and for odd dimensional special orthogonal groups in
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(4G) and its remarks. Finally, the numbers of weights for symplectic and even

dimensional special orthogonal groups have been counted in (4F) and (4H)

respectively.

I wish to express my sincere thanks to Professor Paul Fong, my Ph.D. advisor,

for many corrections and suggestions. I also wish to thank Professor Bhama
Srinivasan for a lot of help.

1. The groups of symplectic type

Throughout this paper we shall follow the notation of [3, 5, 7], and [12].

In particular, r is an odd prime and E is an extraspecial r-group of order

r2y+l with center Z(E) = (y). Then E = (x\, Xi,..., Jfy-i, *2y) such

that [x2i-\,x2i] = X2jLiX^lX2i-iX2i = y, [X2i,x2i+i] = 1, for 1 < i < y,

[x¡, Xj] =1 for \i - j\>2, x¡ = 1 for i ^ 2. Thus E has exponent r or

r2 according as x\ = 1 or y. An r-group R is of symplectic type if R is a

central product of a nontrivial cyclic r-group Z and an extraspecial group E,

where Z(E) is identified with £l\(Z). If R> E, then R can be rewritten as

the central product of Z and an extraspecial group of exponent r, so that we

may suppose E has exponent r and E = Í2i(i?). Thus we may always sup-

pose E is characteristic in R. Let Aut R be the automorphism group of R,

Inn R the group of inner automorphisms, and Aut°i? = {a 6 Auti?: [a, Z] =

1}. Since every a in Aut°i? restricts to an element Aut°i? and every a in

Aut0£ extends to an element of Aut°Ä, it follows that Aut°Ä = Aut°£. De-

note

( Sp(2y, r) if E has exponent r,

= 1 Sp(2y - 2, r) x r2^"1^1    if E has exponent r2,

where r2(],_l)+1 denotes the extraspecial group of order 2(y - 1) + 1 and expo-

nent r, and Sp(0, r)xrl is interpreted as a group of order r. By [20, Theorem

1 or 15, p. 404] Aut0is = K x Innis (see also [3, p. 10]). In the following we
shall consider the embeddings of R into classical groups and determine the

local structures of these embeddings.

Let ¥g be the field of q elements and r\ — ± 1 a sign, where q is a power of

prime p distinct from r. We first consider the embedding of E in the groups

G = GL(«, r\q). Here following [7], we denote U(w, q) by GL(«, -q). The
proofs of the following two lemmas are similar to that of [5, (ID), (IE), and

(IF)] and in the proofs such terms as orthogonal, orthonormal, and isometric

will have meaning only in contexts involving U(«, q) and unitary spaces, but

no meaning in contexts involving GL(«, q) and linear spaces.

(1A). Let E be an extraspecial group of order r2y+x and G = GL(ry, r\q). If

r divides q - n (written r\q - n), then G contains a unique conjugacy class of

subgroups isomorphic to E. Moreover, if r\q - 1, then ¥q is a splitting field of
E.

Proof. Given 1 < i < y, let E¡ = (X2¿-1 > *2/)> and V¿ a linear space of
dimension r over F? or a unitary space of dimension r over ¥g2 according

as n = 1 or -1. Then E¡ acts faithfully, irreducibly, and isometrically on
Vi. Namely, let w be an rth root of unity in ¥q2 and {v[,v'2, ... ,v'r} an
orthonormal basis of V,I. If E has exponent r, then define

(1.2) x2/-i wi^wh),       x2i: v) ^ v)+l,
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(1.5) X2:[jl,J2,---,jy]

where 1 < j < r. If E has exponent r2, then define

.      f wv\   if / = 1 and j = r,
(1.3) x2i-\:v)^w}v),       x2i:v)^\ .

1 J { Vj+i    otherwise,

where 1 < j < r. Here subscripts on basis vectors are naturally read modulo

r. In particular, y: v': >-> wvl¡ for all j.

Since E is the central product of the J?,-'s and the element y in Z(E¡) is

represented on V¡ by the scalar matrix wl, E acts faithfully and irreducibly

on V = V\ ® V2 ® ■■ ■ <g> Vy. To see that the actions are by isometries, we first

simplify notation and write

v], ® v\ ® • • • ® vyh = [;"i, h,..., jr],        1 < ;',- < r.

The ry elements [j\, j2, ■•■ , jy] form an orthonormal basis for V. So

(1 4^ x2i-i : L/i, h, ■ ■ ■ , jy] *-* wh\h , h, ■ ■ ■ , jy],

Xli : L/l , J2 , ■ ■ ■ , jy] *-* L/l » • • • » ji-l , ji + 1 , Ji+\ , ■■■ , jy],

except when E has exponent r2, in which case the actions of x¡ for / ^ 2 are

given by (1.4) and

' L/1 + 1../2, ••• , ;'y]     ifil/',

. W[l» J2,---,Jy] ttjl=r.

Since basic vectors are mapped onto orthonormal vectors by generating elements

of E, E acts on F by isometries, so that G contains a copy of E.
Suppose r\q - 1. Replacing w by wk for \ < k < r in the proof above, we

get r- 1 faithful and irreducible representations of E. By [14, 5.5.4] E has

r - 1 nonlinear characters and all linear characters are realizable over ¥9 since

E/Z(E) is an elementary abelian r-group. Thus ¥q is a splitting field of E.

To prove the uniqueness, it suffices to show that if E is embedded as a

subgroup of G, then there exists an orthonormal basis of the underlying space

V such that (1.4) or (1.5) holds according as E has exponent r or r2. By
Schur's lemma y = wkI for some integer 1 < k < r. We may suppose y = wl
since E = {xi,xk,x3,xk, ... , x2r-\, xky) and [x2¡_i, xk¡] = yk .

Let Wj = {v £ V: x\v = wjv} for 1 < j < r. Then V is the orthogonal

sum of the W¡, so the W¡ for 1 < j < r are nondegenerate subspaces of V

and they are permuted by x2 cyclically

x2Wx = W2,        x\Wx = W3.x\Wx = Wi,

since X\X2 = wx2xi. In particular, W¡ for 1 < j < r have the same dimension.

If y = 1 and {i>i} is an orthonormal basis of W\, then {v{, x2vi, ... ,

X2~lv\} is an orthonormal basis of V and the actions of x\ and x2 on the basis

are given by (1.2) or (1.3) according as E has exponent r or r2 . If y > 2, then

L = {Xi, X4, ..., JC2j-> is an extraspecial group of order r2y~l and exponent r

acting faithfully on Wx. We may suppose by induction that x3, x4, ... , x2y

act on W\ by (1.4) relative to the orthonormal basis {[j2, j¿, ... , jy]} of W\,

where 1 < j, < r. Thus {[;'i, j2,..., ;V] = ^'"'^2> • • • » JyY ! < Ji < »"I is
an orthonormal basis of V and X\, x2, ... , x2y act on the basis by (1.4) or

(1.5). Thus any two embeddings of E in G are conjugate.
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Remark. (1) Suppose r\q - n and E is embedded in G = GL(«, nq) as a

subgroup such that y is represented by a scalar multiple of the identity matrix.

Then n — mry for some integer m > 1, and there exists an orthonormal basis

{[ii , i2> ••• , jy]k] °f tne underlying space K of (7, where 1 < ;', < r and

1 < k < m such that for each k the actions of x2i-\ and x2i are given by (1.4)

or (1.5) with [ji, j2, ... , jy] replaced by [jx ,j2, ... , jy]k ■ In particular, by

(1A) such embedding of E in G is uniquely determined up to conjugacy in

G. The proof of the remark is similar to that of the uniqueness of (1A) and

Remark (2) of [5, (ID)].
(2) Suppose r\q-n, E has exponent r,and E is embedded in GL(ry, nq)

as a subgroup. In the notation of ( 1 A), we claim that V has an orthonormal ba-

sis {[ii, j2, ... , jy]'} , where 1 < j¡ < r such that the actions of x2i-\ and x2i

for i > 2 are given by (1.4) with [jx,j2, ... , jy] replaced by L/i, j2,..., j7]',
and

xi : D'i, h » • • • » Jy]' " L/i + 1> ii , • • • , Jy]' »

X2 : [il , jl, • ■ ■ , jy]' " W~h [il , h , ■ ■ ■ , jy]' ■

Indeed let Vj = {v e V: x2v = w~Jv} for 1 < j < r. Then Vj are non-

degenerate subspaces permuted by x\ cyclically. If y = 1 and {v\} is an

orthonormal basis of V(, then {[;'i]' = x{1 ~lV\} , where 1 < j\ < r, is a re-

quired basis. Suppose y > 2 and {[72, i3, ••• » jy]'}, where 1 < j¡ < r, is

an orthonormal basis of V[ such that the actions of x-¡, ... , x2y on the ba-

sis are given by (1.4) with [j2, j3,..., jy] replaced by [j2, ji,... , /,]'. Let

[ii, h, • • • . jyï = *i,_1L/2 » • • • • iyl' • Then {fj'i ,j2,..., jy]' : 1 < i, < r} is a
required basis.

(IB). Suppose r\q - n. Let G = GL(ry, nq) and R — ZE an r-subgroup of

symplectic type of G, where Z = Z{G), and E is an extraspecial subgroup of

order r2y+1 of G. Set C = CG(R) and N = NG(R). Then C = Z(G) = Z(N)
and if E has exponent r, then N/RC ~ Sp(2y, q). In addition, if R is radical
in G, then E has exponent r. Moreover, each linear character of ' Z(N) acting

trivially on Or(Z(N)) has an extension to N trivial on R.

Proof. By (1A) ¥qi is a splitting field, so that C = Z(G) = Z{N). The proof
of the last assertion is the same as that of [5, (IE)] with 2 replaced by r. If

R > E, then E may be assumed to have exponent r.   The elements of ./V

induce automorphisms in Aut°£ = Aut°i?. Suppose E has exponent r and

acts on the underlying space F of G by (1.4). We shall exhibit elements in N

which together with R generate Aut°.E .

( 1 ) Let g be the element in G such that

g • [il , i2 , • • • , ji , ■ ■ ■ , jy] •-» L/i, J2, ■■■ , jl, ■■• , jy]-

Then g~lx{g = x2,-i, g~lx2i-Xg = X\, g~xx2g = x2i, g~lx2ig = x2 , and

S~lXkg = Xk for all other indices. Thus N contains a subgroup inducing the

symmetric group S(y) on the set {E\,E2,..., Ey} .
(2) Let {[ji, j2, ji, ... , jy]'} be the orthonormal basis of V given by Re-

mark (2), and g the element in G such that

g-[Jl,J2,---, jy]' *-* L/l ,J2,---, jy] ■

Then g~xxxg = x2_1, g'lx2g = X\, and g~lxkg = xk for k > 3. By

(1) for each  1 < i < y, there exists h e G such that h~xx2i-\h = xZx,
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h~lx2jh - x2i-\, and h~xxkg = xk for all other indices. Thus N contains a

subgroup inducing Weyl group of type Cy on R/Z(R).

(3) Let g be the element in G such that

g- [il , J2, J3, ■■■ , jy] >-» [¿il , J2, ji, ■■■ , jy],

where A is a nonzero element of Z/Zr. Then g~xX\g — x\, g~xx2g = x| ,

and g~xxkg — xk for k > 2. In addition, let g be the element in G such

that

(1-6) g: [ji ,j2,J3,..., jy] H* [y'i + )2 Ji,J3,---, jy] ■

Then g-1xig = X1X3, g~xx*g = X4XJ1, and ^~'x^g = xk for all other

indices. Since (x\, x$,..., Jfy-i) and (a:2 , X4, ... , j*^) give a hyperbolic
decomposition of R/Z(R), the element g of (1.6) induces

ay,),     \

relative to this decomposition of R/Z(R). By (1) we may replace E\ and E2

by Ei and E¡ for 1 < i ^ j <y. Thus A^ contains a subgroup inducing

on Ä/Z(Ä).
(4) We claim there are elements in N inducing

Cï)
on R/Z(R) for any X such that X' = X. By (3) it suffices to show this when

X = diag{l,0,0,...,0}.

Indeed, let g be the element in G such that

(1.7) g: L/i ,J2,..., jy] ■» u;-0'+i)i./2[/,, >2, ... , ;,],

where it; is the rth root of unity in ¥qi given by (1.4). Then g~xx2g = x\x2 ,

and g~lxkg = xk for all other indices. Thus the claim holds.

By (3) and (4) N contains a subgroup inducing a Borel subgroup of Sp(2y, r)

on R/Z(R). Thus ./V induces Sp(2y,r) on R/Z(R). Suppose R is radical
in G. If E has exponent r2 , then R = E and the element g defined by (1.7)
lies in N\R. Moreover, as shown in the proof of [20, p. 166], g induces an

element of Z(K), where K ~ Aut°.E/Inn £ is given by (1.1). Let Q = (g, E),
so that Q < N. We claim that Q < Or{N). Indeed for any h e N, h

induces an element of Aut°£. Replacing h by hx for some x 6 E, we may

suppose h induces an element of K. Thus [h, g] induces a trivial action on

E and then [h, g] e C = Z(G), so that Ag/î-1 = zg for some z e C and

z € Of(C) = Z(R) since zg and g are r-elements. So h normalizes Q and
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the claim holds. It follows that R is nonradical in G and we may suppose E

has exponent r. This proves (IB).

We now consider the embedding of R into finite classical groups. Let G =

U(n, q), Sp(2«, q), 0(2n + l, q), or 0^(2«, q), and let V be the underlying
space of G, where n = ± 1. If V is a symplectic or orthogonal space, we always

suppose the characteristic p of F^ is odd. Moreover, we denote by I(V) the

group of isometries of V, Iq(V) the subgroups of I(V) of determinant 1, and

n{V) the type of V ii V is orthogonal. For simplicity, we set n(V) — 1 if V
is symplectic.

We define the integers e, a, and sign e — ± 1 as follows: In the case G =

U(n, q), let e be the order of -q modulo r and e = 1 or -1 according as

e is even or odd; in the remaining cases, let e be the order of q2 modulo r
and e the sign chosen so that ra divides qe - e. In all cases, let ra be the

exact power of r dividing q2e - 1. In the case G = U(«, q), our definition of

e above is different from that of [11, p. 125]. In fact, if r\qe + 1, then our e

is the same as that of [11]. If r\qe - 1, then our e is the double of that of [11].

We recall that there exists a set y of polynomials serving as elementary

divisors for all semisimple elements of each of these groups. First suppose G =

U(n,q). For each monic polynomial A(X) = Xm + am-iXm~x h-\-aiX + ao

of ¥q2[X] with nonzero roots, let A(X) = (a¿l)«XmA<(X-1). Then define

y = {A: A is monic, irreducible, A ̂  X, A = A},

^ = {AA: A is monic, irreducible, A ̂  X, A ̂  A},

and y = &\ U ̂ 2 • Suppose G is a symplectic or orthogonal group. For each

monic polynomial A(X) in ¥q[X] with nonzero roots, let A(X)* be the monic

polynomial in ¥q[X] whose roots are the inverses of the roots of A(X). Define

9q = {X-\,X+\},

y — {A: A is monic, irreducible, A ̂  X, A ̂  X ± 1, and A = A*},

9^ = {AA* : A is monic, irreducible, A # X, A¿X±l, and A ̂  A*},

and y = y uy uy. Given r e y, denote ö?r its degree and ¿r its reduced
degree defined by

Sr=<

[ dr     if G = U(«,i) andTeyuy,

dT     iíG¿ U(«, q) and T e irj,

irfr   if G^U(«, ^andreyuy.2

Thus ôr is an integer. We define a sign ep for Y e y by

( £     if rey,

er= i -i ifrey,

11    ifrey.

Given a semisimple element s e G, there exists a unique orthogonal decompo-

sition

(1.8) v = Y,Vr(s),       ^n^.
r r
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where the Vr(s) are nondegenerate subspaces of V, s(T)ç.\J(Vr(s)) or I(Vr(s))

according as V is or is not a unitary space, and s(T) has minimal polynomial
Tey. The decomposition (1.8) will be called the primary decomposition of

s in G. Let mr(s) be the multiplicity of T in s(T). Then

(1.9) CG(S) = ncr(s)'
r

where Cr{s) = CU(Fr(j))(5(r)) or CI{Vr{s)){s(T)). Moreover, by [11, (1A)] or

[12,(1.13)]

mm rMJW)) if rey,
U.iuj ^r[S)-\GL(mr(s),srq*)   ifTeyuy.

A semisimple element s e G is primary if s = s(T).
Suppose F is a symplectic or orthogonal space and 5 decomposes as (1.8).

Let rjr(s) be the type of Vr{s), where r¡r(s) = 1 for all Y e y if V is
symplectic. So s lies in h{V) if and only if mx+i{s) is even. By [12, (1.12)],
the multiplicity and type functions T h-» mr-(j), T >-► rjr(s) satisfy the following

relations

dim V = ^2 drfnris),
r

(1.11) ij(V) = (-l)(«-1)/2mjr->W',*+'WjJqr(i),
r

n{Vr{s)) = e™T{s)   for T e y Uy, and F orthogonal.

Conversely, if T i-> nr, r>-»^r are functions from y to N, {±1} respectively
satisfying (1.11) with mr(s) and ny-{s) replaced by nr and //r, then there
exists a semisimple element s of I{V) with those functions as multiplicity

and type functions. Moreover, two semisimple elements s and s' of I(V) are

conjugate in 7(F) if and only if mr(s) = mT{s') and ny(s) = t]r{s').
Let Z = (z) be a cyclic r-group of order ra+a with a > 0, E an extraspecial

r-group of order r2y+x, and R = ZE a group of symplectic type with Z(R) =
Z . Moreover, we may suppose E has exponent r if R > E.

(1C). Let G = U(n,q), Sr){2n,q), 0(2« + l.g), or Or>{2n,q), where n =
±1. Suppose F tfwúf F' are two embeddings of R in G such that F(z) and

F'(z) are primary elements of G. Then n = mera+y for some m > 1, F(i?)

and F'(R) are conjugate in G, and r\ = em if G = 0^(2«, q). Identify R with

¥{R) and let C = CG(R), N = NG(R), and N° = {g e N:[g, Z] = 1} . Then
C ~ GL(m, eqer"). Furthermore, suppose R is a radical subgroup of G.

(1) E has exponent r and N° = LC, where R < L, L n C = Z(C) =
Z{CG(z)) = Z{L), L/RZ{L) ~ Sp(2y, r), and [C, L] = 1. More-
over, each linear character of Z(L) acting trivially on Or(Z(L)) can be

extended as a character of L acting trivially on R.
(2) N/N° ~ NG(Z)/CG(Z) is cyclic of order era or 2era according as

G = \J{n,q) or G^\5{n,q).

Proof. Since both Z(F(R)) and Z(F'(i?)) are cyclic groups of order ra+a gen-

erated by primary elements F(z) and F'(z) respectively, they are conjugate

in G, so that we may suppose Z{¥(R)) = Z(F'{R)). Thus F(£) and F'{E)
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are subgroups of CG(F(z)). Let H = CG(F(z)) and T be the unique elemen-

tary divisor of F(z). Then H ~ GL(mp(F(z)), eqer°) and the two embed-

dings F(E) and F'(E) of E in H can be viewed as embeddings of E in

GL(mr(F(z)), eqer°) in which a generator y of Z(E) is represented by scalar

multiples of the identity matrix. It then follows by Remark (1) of (1A) that

F(E) and F'(E) are conjugate in H and wp(F(z)) = mry for some m > 1.

So F{R) and F'(R) are conjugate in G, and n = emr' = em if G = 0^(2«, q).

Identify H with GL(mry, eqer"). Let W be the faithful and irreducible

representation of E in GL(r7, eqer") given by (1A), and let Ly be the normal-

izer of W(£) in GL(ry, eqer°). Then the commuting algebras of Ly and E

on the underlying space of GL(ry, eqer") are ¥qer° or ¥qu^ according as e = 1

or -1. Moreover, if E has exponent r, then Ly/Z(Ly) ~ Aut0^. By Remark

(1) of (1A) F(E) in // can be viewed as an w-fold diagonal embedding of E
into GL(mry, eqer°) given by

(1.12)

(S   g

ge\V(E).

V gJ
In particular, C = CH(F{R)) ~ GL(m, eqer"). Let L be the image of L7 under

(1.12), so that F(R) <L, L < N° = NH(F(R)), CH{L) = CH(E) = C, and

[L, C] = 1. Suppose F(i?) is radical in G and E has exponent r2, so that

R = E. As shown in the proof of (4) of (IB), there exists an r-element x of Ly

such that x £ W(E) and x induces an element of Z(Aut°is/Inn£), so that

the image w of x under (1.12) is an r-element of L\F(E). If Q = (w , F(.E)),

then CH{F{E)) = CH{Q) = C. Since N° < N and F(E) is radical in G, it
follows that F{E) = Or(N°) and each element of A^° induces an element of

Aut°.E, so that w induces an element of Z(Aut°is/Inn£). We claim Q <

Or(N°). Indeed for each h e /V0, we may suppose h induces an element of

Aut°E/lrinE and then [h, w] acts trivially on E, so that [h, w] e C. Since

h normalizes C and w commutes with C, [h, w] commutes with C and

hwh~x = gw for some g e Z(C) — Z(H). Since gw and w are commutative
r-elements, g is an r-element of Z(H), so that g e Or(H) < F(E). Thus h

normalizes Q and Q < Or(N°). This is a contradiction and E has exponent
r.

Identify i? with F(i?). Since L/Z(L) ~ Aut°i? and N° induces a subgroup

of Aut°iî, it follows that N° = LC. Thus Z(H) < Z{N°) < Z(L)Z(C),
Z(L) < Z(C) = Z(H), and L n C < Z(C), so that Z(L) - Z(H) = Z{C) =
L n C. The last assertion of (1) follows by (IB) since L ~ Ly. Finally,
NG(Z)/CG(Z) is cyclic of order era or 2era according as G = \J(n, q) or

G ¿ U(m , q) by [11, (3D)] or [12, (5B)]. Suppose g generates NG{Z) modulo
CG(Z). Then £ and g~lEg are extraspecial subgroups of H = CG(Z), and

they are conjugate in H by Remark (1) of (1A), so that h~xg~xEgh = E

for some h e H and gh e N. On the other hand, A^ < A'g(Z) and /V0 =
N n CG(Z), so that N/N° ~ NG(Z)/CG{Z) and (1C) holds.

Remark. In the notation of (1C), let E = (jci, x2,..., X2y), Ä' = (xi, X3,...,
x2y_i,Z).  Identify R with F(i?) and Ä' with F(R').  Then i?' < R and
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CG(R') = C\ x C2 x ■ ■ ■ x Cry is a regular subgroup G, where C, ~ GL(m, eqe,°)

for all i. Indeed by Remark (1) of (1A) we may suppose the underlying space

of H = CG(Z) has an orthonormal basis {[j\, j2,... , jy]k} , where 1 < j¡ < r
and 1 < k < m , such that the actions of x\, x2, ... , x2y on the basis are given

by (1.4) or (1.5) with [ji ,j2, ... , jy] replaced by [ji, j2, ... , jy]k . Thus
each x2i_i is a diagonal matrix with respect to the basis for 1 < i < y, so

Ch(R') = CG{R') = C, x C2 x ■ ■ ■ x Cry, where C, ~ GL(m, eqer°) for all i.

2. The radical subgroups

In this section we shall give a description of the radical subgroups of classical
groups. We first consider the unitary group G — U(«, q).

For integers a > 0 and y > 0, let ZQ be a cyclic group of order ra+a , Ey an

extraspecial group of order r2y+x, and ZaEy a central product over Sl\{Za) =

Z(Ey). By (1A) ZaEy can be embedded as a subgroup of GL(ry, eqer") such

that Za is identified with Or(Z(GL(r'', eqer°))). Let AQ be a polynomial in

y having a primitive ra+ath root of unity as a root. The degree of Aa is er"

(cf. [11, p. 126]), so that U^r""1"'', q) has a primary element g with A,, as a
unique elementary divisor of multiplicity ry. By (1.10)

C(g)~GL(ry,eqer").

We may identify GL^ , eqer") with C{g), so that GL(ry, eqer") is embedded

as a subgroup of \J(era+y, q) and Za = (g). Let Ra<y be the image of ZaEy

under the composition

ZaEy <- GL^, eqer°) — U(era+y, q).

Since Za = (g), a generator of Z(Ray7) is primary, so that by (1C) Ra<y is

uniquely determined by ZaEy up to conjugacy. For integer m > 1, let Rm,a,y

be the image of the m-fold diagonal mapping of Ra y in \J(mera+y, q) given

by

(* \

g
g

g €Ra,y

V g)
Then a generator of Z(Rm,a;3,) is the image of a generator of Z(i?a},) un-

der the embedding above, so that it is primary in \J(mera+y, q) and then

Rm,a,y is uniquely determined by m and ZaEy up to conjugacy. Let Cm,a<y

and Nm¡aty be the centralizer and normalizer of Rm,a,y in M[meraJry, q),

and let ^Q>), = {g e /Vw,a>),: [*, Z(*m>a,,)] = 1}.' By (1C) Cm,a,y j

GL(m, £qer")®Iy, where /,, is the identity matrix of order ry and GL(w, e^")

® ij, is the group {g <8> Iy: g e GL(w, e^O} • If Rm,a,y is radical, then £,,

has exponent r, JV°ia>)> = Lmiai),Cm,Q^, and Nm,aty/N%,tay is cyclic of

order era, where Lm>Q>y is a subgroup of N^ay containing Rm,a,y such

tnat  L>m,a,y ri Cm ja,}1 = -^ (.-^m.a.yj ~ ^ (^--m ,a,y) ;   l^m ,a,y , ^m,a,y\ ~ t , ana

Lw,a,,./Z(Lm)Q,y)iîOT!a^ ~ Sp(2y, r). In particular, /?„,,„,,, is uniquely de-

termined by m, a, and y up to conjugacy. Moreover, each linear character of

Z(Lmtaj7) acting trivially on 0r(Z(L„, Q),)) can be extended as a character of

Lm,a,y trivial on Rm,aiï.
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For integer c > 1, let Ac denote the elementary abelian r-subgroup of order

rc represented by its regular permutation representation. For any sequence

c = (Ci, C2,..., C/) of nonnegative integers, let Ac = AC] l ACl I • • • l Ac¡, and let

i^m ,a ,y, c = R-m ,a,y ' Ac

be the wreath product in U(d, q), where d = mera+y+Ci+"'+c'. Then Rm,atytC

is determined up to conjugacy in V(d, q). By [3, (1.4)], which applies to

\J(d, q) with some obvious modifications,

(2.1) Cu(rf,q){Rm ,a,y,c) = Cm taty ® Ic ,

where Ic is the identity matrix of order u = rCl+C2+"+c' and Cma>y 0 ic is

defined as before. Moreover,

(2.2) Nv{dtq)(Rm>a,y¡c) - (Nm,a,y/Rm<aty) ® NS{U)(AC),

Nu(d,q)(Rm,a,y,c)/Rm,a,y,c^ {Nm,a,yl Rm,a,y) * GL(Ci , r) X ■ ■ ■ X GL(c, , r) ,

where (Nm¡a¡y/Rmta!y) <g> NS(U)(AC) is defined as [3, (1.5)]. The proof of (2.2)
is the same as that of [3, (4.1)] with GL replaced by U and some obvious

modifications. We shall call Rm,a,y,c a basic subgroup of U(d, q), d the

degree d{Rm,a,y,c) of Rm,a,y,c, and / the length l{Rm,a,y,c) of Rm,a,y,c-

Let F be a unitary space over ¥q2, or a symplectic or orthogonal space over

¥q with type r\ = ±1 if V is orthogonal. Let G = U(F) or 7(F), and let
i? be an r-subgroup of G. We shall say that an i?-submodule IF of F is

nondegenerate or totally isotropic if W is respectively a nondegenerate or a

totally isotropic subspace of V.

(2A). Let R bean r-subgroup of G. Then V has an R-module decomposition

(2.3) V= Vi 1 F2 1 ••• X F„ 1 (cV, © C/¿+1) 1... 1 (Ik© t&),

w/zere ?Ae F, yor 1 < í < v are nondegenerate simple R-submodules, the Uj

and Uj for v + 1 < j < w are totally isotropic simple R-submodules such

that Uj © Uj is nondegenerate and has no proper nondegenerate R-submodule.

Moreover, if R is abelian and the set of vectors [V, R] moved by R is V, then
v = 0 or v = w according as e = 1 or -1.

Proof. The first half of (2A) follows by the proof of [5, (IB)]. Suppose R is
abelian and [V, R] - V. Let F, be the representation of R on V¡ or U¡ © U\
according as i <v or i >v + I. If i <v , then V¡ is a simple i?-module and

the commuting algebra D of R on V¡ contains F¡(R). If i > v + 1, then U¡
is a simple i?-module and the representation of R on U¡ is the contragredient

of the representation W of R on U¡ composed with a field automorphism.

Thus the commuting algebra D of R on U¡ contains W(i?). Since D is a

field and D* = D\{0} is a cyclic group, F,(i?) is cyclic generated by g¡ for

some gi e I(Vj) or /([/, © 17/) according as i < v or / > v + 1, so that V¡ or
17,- is a simple (g,)-module. By (1.8) g¿ is primary with a unique elementary

divisor T e y U y of multiplicity 1. Since g¡ is an r-element, it follows that
Tey or y according as e = -1 or 1. Thus the underlying space of F,(i?)

has the form V¡ or 17, © 17/ according as e = -1 or 1. This proves (2A).
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(2B). Let G = U(F), R a radical r-subgroup of G, and N = NG(R). Then
there exists a corresponding decomposition

F= Fo-L Fi _L-_L F,,        R = R0 x R¡ x ■ ■ ■ x Rt

such that i?o w the trivial subgroup of U(Io) and R¡ is a basic subgroup of
\J(V¡) for i > 1. Moreover, the extraspecial components of R¡ for i > 1 have

exponent r.

Proof. Let Vo — Cy(R) be the set of vectors in F fixed by each element of R

and V+ = [V,R]. Then V = V0 ± V+ and R = R0 x R+, where R0 = (lKo)
and i?+ < U(F+). So N = U(V0) x /Vu(F+)(i?+) and R+ is necessarily radical
in U(F+). We may suppose F = F+ by induction. Let F be the natural

representation of R in G. The same proof with some obvious modifications

as that of [5, (2B)] shows that R can be reduced to the following case: Every

characteristic abelian subgroup of R is cyclic and V — w V\ for some w > 1
such that either Fi is a nondegenerate simple i?-module or V\ decomposes as

I7i ® I7{, where U\ and I7[ are totally isotropic simple i?-modules and Fi has

no proper nondegenerate i?-submodule. In particular, Z(F(R)) is cyclic.

By a result of Hall, [14, 5.4.9], R is a group ZE of symplectic type, where

Z is a cyclic r-group and E is an extraspecial r-group of order r2y+x. Thus

Z(F{R)) = F(Z) and we may suppose F(Z) = (z). Let H = CG(F(Z)) and
C = CG(F(R)). Then F(R) < H and C < H, so Z(H) < C. Since F{R) is
radical in G and C < N, it follows Or{C) < Z(F{R)), so that Or{Z{H)) <
Or{C) < Z(F{R)) and Or(Z{CG(z))) < F(Z). Thus Or{Z{CG(z))) is cyclic
and by (1.9) and (1.10) z is primary with a unique elementary divisor T e

y. So H ~ GL(wr(z),e^r). Identify H with GL(mT(z), eq^). Then a
generator of F(Z(E)) is represented by a scalar multiple of the identity matrix,
so that ntr(z) — mry for some integer m > 1 by Remark (1) of (1A). Since

Or(Z(H)) < F(Z) and z e Or{Z(H)), F(Z) = Or(Z(H)), so that |Z| = r°+a

for some integer a > 0. By (IC) i? = Rm,a,y and is has exponent r. This

proves (2B).

Let [R, (p) be a weight of G = U(F) and let

V ~ Vo ± V\ L ■ ■ ■ J_ Vt,        R = R0xRlx-xRt

be the corresponding decomposition of (2B). We define

V(m,a,y,c) = ^2Ví,        R(m, a, y, c) = Y[R¡-,
i i

where i runs over all indices such that R¡ = Rm,a,y,c-

(2C). With the preceding notation

N{R) = \J(V0) x    Yl    ^v(V(m,a,y,c)){R(m,a,y,c)),
m,a,y ,c

N(R)/R = U(V0)x    Jl    NvlV(m,a,y,c)){R{m,a,y,c))/R{m,a,y,c).
m,a,y ,c

Moreover,

Nu(V(m,a,y,c))(R{>n, a, y, c)) = N\J(Vm,a,r,c){Rm,a,y,e) lS(u) ,

Nu(v(m,a,y,c))(R(m,a, y,c))/R(m,ot, y, c)

— (N\j(Vm a yc)(Rm,a,y,c)/Rm,a,y,c) lS(u),
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where Vm¡a,y,c is the underlying space of Rm,a,y,c and u is the number of

basic components Rm,a,y,c in R{m,a,y,c).

Proof. The proof of [3, (4B)] can be applied here with GL replaced by U and
some obvious modifications.

We now consider radical subgroups of classical groups and as before, we

suppose q is odd. For integers a > 0 and y > 0, let A„ be a polynomial
in y having a primitive ra+ath root of unity as a root. Then the degree

of Aa is 2er° and AQ e y or y according as e - -1 or 1 (see [12,
(5.1)]). Let Vayy be a symplectic or orthogonal space over ¥q of dimension

2era+y and n{VatY) — s if Vaty is orthogonal. Then by (1.11) I{Va¡y) has a
primary element g with a unique elementary divisor A^ of multiplicity ry.

By (1.10) Cj(ya y){g) ~ GL(ry, eqer") and we may identify these two groups.

By (1A) ZaEy can be embedded as a subgroup of GL{ry, eqer") such that

Za = Or(Z(GL(ry, eqer"))), where ZaEy is defined as before. The image Ra<y

of ZaEy under the composition

ZaEy^GL(ry,eqer°)^I(Va,y)

is then determined up to conjugacy. A generator of Z(Ra<y) is primary, so by

(IC) Ra,y is uniquely determined by ZaEy up to conjugacy.

For integer m > 1, let Vm¡a¡y - Va,y L Va,y L ■■■ L Va<y (m terms), and

let Rm,a,y be the image of the ra-fold diagonal mapping of i?aj>, in i(Fm a),)

given by

(8   g \

g g eRa,y.

V g)
The same proof as the unitary case shows that Rm¡a>y is also uniquely de-

termined by m and ZaEy up to conjugacy. In addition, n{Vm,a,y) — em if

Vm,a,y is orthogonal.

Let Cm,a,y and Nmt0¡ty be the centralizer and normalizer of i?m,Q,y in

I(Vm,a,y) respectively, and let N°,¡a>y = {g e Nm>ay. [g, Z(Äm,a,y)] =

1}. Then iV£>Q>}, < ¿VM>a>), and'by (1C) Cm,a>y ~ GL(m, eq"") ® /,,

where Iy is the identity matrix of degree ry and GL(m, eqer°) ® Iy is de-

fined as in the unitary case. In particular, if i?w,Qi3, is radical in I{Vmt0lty),

then i?w>«,j, has exponent r,Nm a y = Lm<atyCmta¡y, and Nm>aty/N^t0¡3y

is cyclic of order 2era, where Lm?Qi7 n Cm>a>y - Z(Lm%a<y) - Z(Cm,a,y),

[Lm, a, y , ^m,a,y\  =   I ,   Rm,a,y   S  ^m,a,y,  anü   L,m íaíyl/j\L¡m,a,y)K-m,a,y   —

Sp(2y, r). So Rm,a,y is uniquely determined by m, a, and y up to con-

jugacy in I(Vm¡a<y). Moreover, by (IC) each linear character of Z(Lm<(tyy)

acting trivially on Or(Z(Lm<aty)) can be extended as a character of Lm%a>y

acting trivially on Rm,a,y

For each sequence c = (c\, c2, ... , q) of nonnegative integers, let

,-   .. 'm ,a,y,c =  'm,a,y -L ' m,a ,y -L ' ' ' -L ' m,a,y (M teiTClSJ ,

Ac = Ac¡ Í ylC2 Í • • • I /1C( , Rm,a,y,c = Rm,a,y I Ac ,

where u = rC[+C2+'"+C/ and each ,4C. is defined as before. Then i?mia,y,c is

determined up to conjugacy in /(Fmia;y>c) and >7(Fm>Q)?>c) = em if Fm>a;));C
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is orthogonal. By [3, (1.4)] with some obvious modifications

Cl(Vm,a,y,<:)(Rm,a,y,c) = CmyCt>y ® Ic,

where Ie is the identity matrix of order u and the right-hand sides is defined

as before. Moreover, the same proof as that of [3, (4.1)] with GL replaced by

I shows that

^I(ym.a.y.c)(Rm,a,y,c) = {Nm,a,ylRm,a,y) ® NS(U)(AC) ,

(2.5) Ar/(Km,0,r>c)(i?m,a,}',c)/-ROT,a,7,c

= (JV™,«j/^,«j) x GL(ci, r) x • • • x GL(c/, r),

where (Arm,a,y/-Rm,a,j') ® NS(U)(AC) is defined as [3, (1.5)]. We shall call

Rm,a,y,c a basic subgroup of i(Fm>a; j,c), dimVm¡a!yiC the degree d{Rmta<y<c)

of Rm,a,y,c, and / the length l{Rm,a,y,c) of Rm,a,y¡e-

(2D). Let V be a symplectic or orthogonal space over ¥q, G - I(V) the group

of all isometries of V, and R a radical subgroup of G. Then there exists a
corresponding decomposition

V = V0 1 F] ± • • ■ _L V,,        R = R0xRlx-xRt,

such that Ro is the trivial subgroup of I(V0) and R¡ is a basic subgroup of

I(Vi) for i > 1. Moreover, the extraspecial components of R¡ for i > 1 have
exponent r.

Proof. Let F0 = CV(R) and V+ = [V,R]. Then F = F0 1 F+ and R =
R0xR+, where R0 = (lVo) and R+ < I(V+). In particular, N{R) = I{V0) x

Ni(v+){R+) and R+ is necessarily a radical subgroup of I(V+). By induction

we may suppose F = V+ . Thus Z(i?) is abelian and [F, Z(jR)] = F. By (2A)
we may write the Z(i?)-module F as

V = m\V\ L m2V2 L ■■■ 1 mwVw,

where each F, is either a nondegenerate simple Z(i?)-submodule or a sum

Ui®U¡ of totally isotropic simple Z(i?)-submodules 17,-, 17/ according as e-
-1 or 1, and m, is the multiplicity of V¡ in F for all i > 1. If e = -1,
then r\qe + 1 and ¥q2er«i is the commuting algebra of Z(R) on F, for some

a i > 0 since [V¡, Z(R)] = F, and Z(R) is an r-group. Similarly, if e = 1,
then r\qe - 1, Fj = 17,- © U\, and ¥qe,*¡ is the commuting algebra of Z(R)

on [7, for some integer a, > 0. In all cases dim F = 2erQ' . Let A''0 = {g e

A7(Ä): [g, Z(R)] = 1}, and let H = CG(Z{R)). Then A(w/^) = m,F for
A e H and all í > 1. Thus there exists a corresponding decomposition

H — H\ x H2 x ■ ■■ x Hw

such that Hi ~ GL(m,, eqerai) < I(jn¡Vi) for all i > 1. Since i? is radical and

AT0 < AT, it follows Or(A^°) < Or(N) = R. On the other hand, i? < W0 and
N° = NH{R), so R = Or{N°) and R is radical in H.

Let i?, be the group of linear operators which agree with an element of R

on mjVj and are the identity on m¡Vj for j ^ i. Then N° permutes the pairs

(miVi,Rj) for 1 < / < w, so that R < N°r\R1xR2x---xRw < N°. It follows

that R = Ri xR2 x ■ ■■ xRw and R,■ = Or(N¡), where N¡ = NHi(R¡). Thus R¡ is
radical in H¡ for all i. By induction on dim V, we may suppose w = 1, so that

V -m\V\, R-R\, H - H\, and Z(R) - Z(R\) is cyclic generated by some
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x e 7(F). But 77 = CG(x) and Or{Z(H)) < Or{H), so Or(Z(H)) < Z(R).
By (1.9) and (1.10) x is primary in G. Apply [3, (4A)] or (2B) to 77 ~
GL(mi, eqera' ). So R is a basic subgroup Rm<a,y,c of 77, where m, y, a are

integers, and c = (c\,..., c¡) is a sequence of nonnegative integers such that
a > a\, and mera+y+C{+"'+c' = mierai. Moreover, the extraspecial components

of Rm,a,y,c have exponent r. In particular, dim F = 2mera+y+Cl+'+ci and

r¡(V) = em = eWl if F is orthogonal. Thus 7(F) has a basic subgroup R'

of the form Rm,aty,c defined by (2.4), where the extraspecial components of

R' have exponent r. So Z(R) and Z(R') are cyclic generated by primary
elements of order ra+a in 7(F), and they are conjugate in 7(F). Thus we

may suppose Z(7?) = Z(R'), so that R' < H. By definition R' still has the
type Rm,a,y,c as a subgroup of 77, so that 7Î' and 7? are conjugate in 77.

Thus R = Rm,a,y,t is a basic subgroup of 7(F) and (2D) follows.

Remark. In the notation of (2B) or (2D), suppose t ^ 0. Then there exists

an element p of Z(R) such that (1) \p\ = ra ; (2) [F, p] = £j_, V¡ ; (3)
the restriction of p on [V, p] is primary. Such an element exists by (2B) or
(2D) and will be called a primary element of 7?. If p is a primary element

of R, then (p) is uniquely determined by 7? up to conjugacy and CG(p) ~
U(F0)xGL(m, eqe) or CG(p) ~ 7(F0)xGL(w, eqe) for some m > 1 according

as C7 = U(F) or 7(F).
Let (R, q>) be a weight of G = 7(F) and let

V=V0±Vl L---LVt,        R = R0xRlx-xRt,

be the corresponding decomposition of (2D). We define

V{m,a,y,c) = ^2Vi,        R(m, a, y, c) = ]\Ri,
i i

where i runs over all indices such that R,■■ = Rm,a,y,c ■

(2E). With the preceding notation

N(R) = I(V0)X       Y\      ̂ I(V(m,a,y,c))(R(fn,Oi,y,C)),
m,a,y ,c

N(R)/R = I(V0)x    Jl    NI(V(m,a,y,c))(R(m,a,y,c))/R(m,a,y,c).
m,a,y,e

Moreover,

Ni{V(m,a,y,c))(R(fn,a, y, c)) = NI(Vmiatttt)(Rm,a,y,c)lS{u),

Ni(v(m,a,y,c)){R{m,ot, y,c))/R{m, a, y, c)

= (Ni(vmia¡,iC){Rm,a,y,c)/Rm,a,y,c) ( S(«) ,

where KmiOJiC is the underlying space of Rm,a,y,c ctnd u is the number of

basic components Rm,a,y,c in R(m,a,y,c).

Proof. The proof is essentially the same as that of [3, (4B)] with GL replaced

by 7 and some obvious modifications, except the minimal elements of #/ have

dimension 2mera+y when 7Î, - 7?mQ7iC, where §/ is defined there.

3. More on basic subgroups

Let 7? be a radical subgroup of a finite group G, N = N(R), C - C(R).
The stabilizer in N of an irreducible character 8 of C7? will be denoted by
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N(8). We denote the sets of irreducible characters of N(9) and N which cover

6 and which have defect 0 as characters of N(6)/R and N/R respectively

by ln°(N{e), 6) and lxr°{N, 8). By Clifford theory the induction mapping

y/ <-* I(y/) = Ind#(ö)(y/) induces a bijection from Irr°(./V(0), 6) to Irr°(JV, 8).

Since ip{l) = d(y/)8(l) for some integral divisor d(ip) of (N(8): CR), it
follows that (R, I (if/)) is a weight of G if and only if

(3.1) d(ip)r = (N(d):CR)r,       d(l)r = (CR:R)r,

and in particular, 8 then has defect 0 as a character of CR/R. In this case

the block b of C7? containing 8 has a defect group R and the canonical

character 6. Moreover, for any \p of Irr°(A^(0), 8), I(y/) is a character of

bN and (7?, I(ip)) is a ¿>G-weight of G. Following [3, p. 3] all 5-weights for a
block B of G have the form (R, I(i//)), where 7? runs over representatives for

the conjugacy (/-classes of radical subgroups, b runs over representatives for

the conjugacy Af(7?)-classes of blocks of C(R)R such that b has defect group

7? and bG = B, and if/ runs over lrr°(N(6), 8). Here 8 is the canonical

character of b. A pair (R, b) of an r-subgroup R of G and a block b of C

is called a Brauer pair of G. In particular, pairs (1,5) correspond to blocks

B of G.
Now we consider the unitary group G = U(«, q). Given T e y, let

er, or, mr be integers defined as follows: er is the multiplicative order of
erqdr modulo r, rar = (¿r)r, and mrerar = drer. By [7, (3.2)] the Brauer

pairs (R, b) of C7 are labeled by ordered triples (R,s,k), where í is a

semisimple r'-element of a dual group G* of G, and /c = rire.?"Kr is a
product of partitions /cp such that each Kp is an ep-core of a partition of the
multiplicity mr(s) of T in s. This labeling extends the labeling [11, (5D)]
by Fong and Srinivasan for blocks B of G by ordered pairs (s, k) . Since

G* ~ G, we may identify C7* with G.
Let y be the subset of y consisting of polynomials whose roots have r'-

order. In [11, (5A)] each F in y determines a block 5r of Gr = \J{erdr, q)

with defect group 7?r = 7?mr>Qri0 as follows: Let Cr = CGr(Rr), Nr =

NcriRr), so that Cr s GL(mr, e^r£"r) and A^/Cr is cyclic of order erar.

Then Q- has a block ¿>r with defect group 7?r and label (sp, -) in Cf such
that as an element of Gr, sp is primary with a unique elementary divisor T

of multiplicity ep. If 0p is the canonical character of by and A^ör) is its

stabilizer in ATp, then (N(8r) : Cp) = ep. The block èp induces a block è^' of
Gr which will be denoted by Tip. Since (ep, r) = 1, 5p has a defect group 7?p

and the label (sp, -) (see [7, 3.2]). We shall also write Sp as ^T. Conversely,

let G = \J(mera, q), and B a block of G with defect group 7? = Rm,a,o- By
[11, (4B) and (5A)j (m, r) = 1 and there exists a unique T e y such that

T and B correspond in the preceding manner. In particular, m = mp and

a = ap.

The proofs of the following two lemmas are similar to that of [4, (3A) and

(3B)].

(3A). Given T e y', let G = U(ryerdT, q), R = Rmr>ar,y a basic subgroup of

G, and C = CG(R). Then C = Cp®7y, where Iy is the identity matrix of order
ry. The irreducible character 6 = 0p ® Iy of C defined by 9(c ® 7,,) = 0p(c) for

c e Cp ¿s then a character of defect 0 of CR/R, and \lrr°(N(d), 8)\ = er.
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Proof. All statements but the last are clear. Let A^ = NG(R), and N° the

subgroup {g €N:[g, Z(R)] =1} of N. By (IC) AT0 = LC and N/N° is
cyclic of order erar, where R < L, L n C = Z(L) = Z(C), [L, C] = 1,

and L/Z(L)R ~ Sp(2y, r). Moreover, each linear character of Z(L) acting

trivially on Or{Z(L)) can be extended as a character of L trivial on R. Thus

A70 < N(8), and N(8)/N° is cyclic. An irreducible constituent of the restriction

of 8 to Z{C) is a linear character trivial on Or(Z(C)) and so has an extension

£ to L trivial on 7?. Thus £0 is an extension of 6 to N°. Since N°/RC ~

L/Z(L)R ~ Sp(2y, r), the Steinberg character St of N°/RC can be regarded
as a character of N° trivial on C7?. Thus û = St£0 is irreducible since

its restriction to C is irreducible. By (3.1) û e Irr^A''0, 0). Suppose ^

is a character of Irr°(Ar0, 0). Then by Clifford theory y/ = %£,8 for some

irreducible character % of N0 trivial on C. Since y/ and £0 act trivially on

7Ï, x acts trivially on 7?, so that x is an irreducible character of N°/CR.
Since y/ has defect 0 as a character of N°/R, ^ has defect 0 as a character

of N°/RC ~ Sp(2y, r). Thus x = St and Irr°(A^0, 0) = {0} . If A7(d) is the

stabilizer of û in AT, then AT(0) = N($) and lrr°{N(d), 8) = Irr°(AT(#), û).
By (IC) a generator cr of N/N° induces a field automorphism of order

erar on C{Z(R)) ~ GL(mrr?, e^r"r). Since C = Cp ® Iy is a subgroup of

C(Z(7?)) invariant under a, cr also induces a field automorphism of order

er°T on C. But a generator Oi of AV/Cp also induces a field automorphism

of order ef7 on Cp ~ GL(wp, eqer"T). By replacing generators, we may

suppose a induces cri on Cp. It follows that N(8)/N° ~ Ar(0r)/Cp and

\N(8)/N°\ = \N(8T)/Cr\ = er. Since N{8)/N° is cyclic, û extends in ep ways
to irreducible characters of N(û) which cover d, and since ey is prime to r,

these extensions are in Irr°(Ar(ô), û).

Remark. The weights (7?, I(y/)) of G for y/ e Irro(A/'(0), 0) are 7i-weights,
where 5 is the block of G labeled by (ryerT, -), 7 is the induction operator

from N(8) to N, and r^pT represents an element of U(ryerdr, q) with a

unique elementary divisor T of multiplicity ryej-. Indeed, if b is the block of

C containing 0, then (7?, b) is labeled by (R, ryerT, -) and the weights are

¿>G-weights. Moreover, by [7, 3.2] bG is labeled by (r^pT, -).

Given T e y , let G = U(rdepí/r, q) and 7? = Rmr,ar,y,e a basic subgroup

of G, where d and y are nonnegative integers, c = (c\, c2, ... , c¡) such that

y + Ci + c2 + ■ • • + c¡ = d. Then C = CG{R) = Cr ® Iy <8> 7C, where 7y, 7C

are identity matrices of orders ry and rCl+C2+"'+c' respectively. The irreducible

character of C defined by

8{c®Iy®Ic) = 0r(c)

for c e Cr is then a character of defect 0 of C7?/7?. We shall say the pair
(R, 8) is of type Y. If b is the block of C containing 0, then (7?, b) has
label (7?,r%r,-).

(3B). Let G — U(«, q), R a basic subgroup of G, b a block of C(R)R with
defect group R, and 8 the canonical character of b. Then (R, 0) has type T

for some Y e y.

7'roo/. Suppose 7? = Rm,a,y,c- Set G\ = U(merQ, q) ,R\ = 7?m Q)0> C\ =

CGl(Ri). So Ci ~ GL(w, eqer") and C = Ci ® Iy ® 7C. Then 0 has'the form
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0i ® I y ®7C, where 0j is a character of Ci. Since 0 has defect 0 as a character

of CR/R and C7Î/7? ~ Ci/7?, , 0, also has defect 0 as a character of Cx/Rx .
The block b\ of Ci containing 0i then has defect group 7?i. By [11, (5A)]
there is a unique T e y such that 7?i = 7?p and 0i = 0p. Thus m — mp,

a = ar, and (7?, 0) has type Y.

Following the notation of [12], we denote  F and  F*  finite-dimensional

symplectic or orthogonal spaces over ¥q related as follows:

F dim F F* dim F*
,~ ~, symplectic      2« orthogonal 2« + 1
^ ' ' orthogonal 2n +1 symplectic       2«

orthogonal      2n orthogonal       2n

where r\{V) = n(V*) = 1 in the first two cases and n(V) = n(V*) in the

third case. Here n{V) = 1 for a symplectic space as before. Moreover, 7(F)

and 7(F*) are the groups of isometries of F and F*, 70(F) and 70(F*) the
subgroups of 7(F) and 7(F*) of determinant 1. We shall call 70(F*) the dual
group of 70(F). Let G — 70(F) and G* = 70(F*). Given a semisimple element

s of G*, let (5) be the conjugacy class of s in G*, and let %{G, (s)) be defined

by [8, p. 57]. Namely ê?(G, (s)) is the set of the irreducible constituents of

Deligne-Lusztig generalized characters associated with (s). Given a semisimple

r'-element 5 of G*, let

ê?r(G,(s)) = {j£(G,(su)),
u

where u runs over all the r-elements of CG-(s). By [8, 2.2], %{G, (s)) is a

union of r-blocks.
The following lemma is due to Fong and Olsson.

(3C). Let p be an r-element of G, b a block of H = CG{p), and B a block of
G. Suppose 77 is regular subgroup of G, B C%r{G,(s)), and b ç%r{H, (t)).

If bG — B, then s and t are conjugate in G*.

Proof. By Brauer's Second Main Theorem there exists a nonzero generalized

decomposition number d^f for some irreducible character x £ R and irre-

ducible modular character <p e b. Let X^'Hpt) — Jl^^b1 ^,ç>'^'(T) > where

V is a block of 77, t runs over the /*'-elements in 77, and <p' runs over the

irreducible modular characters in V . Then x(P?) = Ylf ^b''(/,T) • On the

other hand, by the theorem of Curtis type [9, (3.7)],

z(/T)-£E(*.*e(0)C(/»T),
b' feft'

where RfjiC) is the generalized Deligne-Lusztig character, b' runs over blocks

of H, and ( runs over the irreducible characters of b'. Since the Ç(px) for

C e V are linear combinations of the Brauer characters <p(r) for y> e b' and

the ip are linear independent, it follows that

X{b)(pr)^^X,RGH(QK(pr),

teb

and X^Kpt) ¥" 0 f°r some r'-element x. So {x, RffiQ) ¥" 0 f°r some Ç e b.
Suppose x € %{G, {su)) and £ e f(77, (ft;)), where u is an r-element in
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CG-(s), v is an r-element in C#.(/)- Then su and tv are conjugate in G*.

Since s and / are the r'-parts of su and tv respectively, s and t are conjugate

in G*.

Let R be a radical r-subgroup of C7, b a block of CG(R)R with defect

group R, Vo = CV{R), and F+ = [F, R]. Then 6G is well defined and bG C
%r{G, (s)) for some 5 e G*. We shall give a decomposition of 5 corresponding

to the decomposition Vo ± V+ of F and give a label to the Brauer pair (R, b)

when V = V+ , where b is regarded as a block of CG(R). Let p be a primary

element of R given by the remark of (2D), and let K — CG(p). Then K =

7C0 x 7C+ , where Kq = Io(Vo) and K+ ~ GL(m, e^e) for some m > 0. Since

{p) ^ R, there exists a unique block 7?^ of 7C such that

(1, bG) <((/>}, Bp) < (R, b).

Let Bp = Bpo x BP,+ , where BPto, Bp,+ are blocks of Kq, K+ respectively.

Then BPi0 ç ïïr{Ko, (s0)) and BPt + ç Wr(K+, (5+)) for some s0 £ -^o and

5+ e Kl. By (3C) 5o x s+ and 5 are conjugate in G* and we may suppose s =

so x s+ , so that this gives a decomposition of 5 . Moreover, the decomposition

depends only on bG not on the choice of R. Indeed there exists a defect

group D of bG such that Z(7J>) < Z{R) < R < D, so that F0 = CV(D) and
F+ = [ V, D] and a primary element of D is a primary element of 7?. Thus we

may suppose p e Z(D) is a primary element of D and then the decomposition

s — so x s+ is determined by bG. Suppose now V = V+. Then Bp — Bp,+

and Bp ç Wr{K, (s)). Since CG(7?) = CK(R), we may view (7?, b) as a Brauer

pair of K and then (7?, b) has a Broué labeling (R, t,-), where t e K*.

Here, the third component of the label is empty since K ~ GL(m, eqe) and R

acts fixed-point freely on the underlying space of K . By definition of normal

inclusion of Brauer pairs, (1, Bp) <(R,b) holds in K and by [7, (3.2)], t and
s are conjugate in Ä^*. In particular, t determines a unique conjugacy class of

G*. We then give {R, b) the label {R, t, -).
Given T in y, let ep, Qp, and my be the following integers: ep is the

multiplicative order of q2Sr or srqâr modulo r according as Y e y or Y e

y U y, rQr = (¿p),, and wrerar = ôrer. In addition, let ßr = 1 or 2

according as Teyuy or Tey.

Suppose dim F is even and s is a semisimple element of 7o(F*) with pri-

mary decomposition

(3.3) F* = £Fr*(5),        5 = n^r)-
r r

We define a semisimple element s* of 7o(F), which is determined uniquely up

to conjugacy in 7(F), as follows: If V is orthogonal, then V and V* have

the same dimension and type, so that mp(i) and nr(s) satisfy the relations

(1.11). Thus a semisimple element, denoted by 5*, exists in 7(F) such that

wp(i*) = mr(s) and r/r(s*) = t]r(s). Since s e G*, it follows that s* e G. If
F is symplectic, then F* is an odd dimensional orthogonal space. Let r/p = 1

for all T e y, and «p = Wp(s) except when Y — X - \, in which case,

«r = mr(s) - 1 . Then «r and ny satisfy the relations (1.11) with Wp(i) and

t]r{s) replaced by «p and //p respectively. So a semisimple element, denote

by s*, exists in G such that mr(5*) = «p and r/r(s*) = r/r = 1. Thus s* is
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uniquely determined up to conjugacy in 7(F) and dets* = 1. We shall call s*

a dual of 5.
The following proposition is due to Fong and Olsson.

(3D). The dual mapping s >-> s* induces a bijection f: (s) h-> (s*) from the con-

jugacy classes of r-elements of 7o(F*) onto the conjugacy classes of r-elements

°f h(V) such that

(3.4) c/o(K)Gn^c/o(K.)(ir.
Proof. Suppose 5 is an r-element and decomposes as (3.3). Then -1 is not

an eigenvalue of s, so that dimFr*(i) = mr{s)dr and r/p(s) = ewr(s) for

r # X - 1. Thus

mX-i{s) = àimV* -   J]  dimFr*(s)
T^iX-l

and

nx-i(s) = (-l){q-l)/2mx-i(s)mx+,{s)v(V*)   Yl   ^{s),

ryx-i

so that s is determined uniquely up to conjugacy in 7(F*) by its multiplicity

function mp(s). Moreover, s e 7o(F*) and the 7(F*)-class of s decomposes

into one or two conjugacy classes of 7o(F*) according as 1 is or is not an

eigenvalue of 5. Similar statements hold for r-elements of 7(F). If F is

symplectic, then the dual mapping induces a bijection of the conjugacy classes

of r-elements of 70(F*) onto the conjugacy classes of r-elements of 70(F).

If F and V* are even dimensional orthogonal spaces, then the dual mapping

induces a bijection of the conjugacy classes of r-elements of 7(F*) onto the
conjugacy classes of r-elements of 7(F). Moreover, the 7(F*)-class of s is a

single 7o(F*)-class if and only if the 7(F)-class of s* is a single 70(F)-class.

So the dual mapping induces a bijection of the conjugacy classes of r-elements

of 70(F*) and 70(F). The isomorphism (3.4) follows by [12, (3A)].

Given m > 1 , let V be a symplectic or orthogonal space of dimension lern

and type em if F is orthogonal. Let G = 70(F) and G* = 70(F*). By [12,

(5.2)] G has a basic subgroup 7? of the form Rm t0,0 , and we denote by u* a

primary element of 7? and u a dual of u* given by (3D), so that \u*\ — ra,
u* = u*(Y) for a unique reyuy,and CG(u*) = C¡(V)(u*) ~ GL(m, eqe).
Moreover, the subgroup (u*) is uniquely determined up to conjugacy in 7(F).

Namely, if v* e G is an element of order ra and v* — v*(Y') for a unique

F e y uy, then {v*} and (u*) are conjugate in 7(F). Let y and y*

be the sets of conjugacy classes of G and G* of semisimple elements in the

r-sections containing u* and u respectively. Here the r-section containing u*

in G, by definition, is the set of all elements in G whose r-part is conjugate

with u* in G. Thus each class of y has the form (h*u*) for some semisimple

r'-element h* e CG(u*). Define

y = {[h*]: (h*u*) e y},       y*' = {[s]: (su) e y*},

where [h*] and [s] are conjugacy classes of h* and s in 7(F) and 7(F*)

respectively.
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(3E). The dual mapping s i-> s* from the semisimple elements of Io{V*) to the

semisimple elements of 70(F) induces a bijection f: [s] h+ [s*] from y*' onto

y such that

(3.5) Ch(v){u*, s*) ~ C/o(K.)(«, 5).

Proo/. Let [s] e y*', 5* a dual of 5 in G, K = CG(u*), and K* = CG. {u),
so that K* is a dual of 7C. Then 5 and s* have primary decompositions

(3.6) F = ̂ Fp(S*),    5* = ;Q5*(r)'     v* = ¿2Vr(s)>    * = IIJ(r).
r r r r

Thus C/(K')(s) = Fir Cr{s), where Cr(s) = Ci^V'(S))(s{Y). Moreover, by (1.10)

(3.7) Cr(^í/(W) ,      Ífre^'
v    ; w     I GL(mr(s), ep^r)   ifreyuy.

Let Mp be the restriction of u to Fr*(s). Then [Fr*(s), wr] = Fr*(s) for Y ^
X-l and up e Cr{s). Thus

(3.8)       mr{s) = <

{ erwr{s) ifreyuy,

2ewr(s) if T e y and dim F* is even,

2ewr(s) if T = X + 1 and dim F* is odd,

L 2ewr{s) +1 if T = X - 1 and dim V* is odd,

for some integer wr{s), and r/A-+i(s) = ew*+^ , f/r(s) = e™r{s) for T e y uy.

Moreover, nx-i(s) is determined by the equation

(3.9) ri(V*) = (-\)(<¡-x)l2mx-Á^x+ús)TYr¡T(s).

r

Thus the type function nr(s) is uniquely determined by the multiplicity func-

tion mr(s), so that [s] = [s'] for [s], [s1] e y *' if and only if mr(s) =

mr(s') for all T e y. It is clear that Ck*(s) = CG.(u, s) = CCg,(S)(u) and

Ck-{s) = Y[rCr(u,s), where Cr{u,s) — CCr(S){ur) for Y e y uy and

Cp(«, 5) = C/o(Kr.(j))(Mp) for T e y . By (3.7) and (3.8)

(3.10) Cp(M, s) ~ GL(wr(s), £r^r<5r)

for all Tey. Similarly, C,{V)(s*) = FTp Cr(s*), where Cr(5*) = C/(Fr(i.))(5*(r)).
Moreover,

Ci.n   fW**)) if rey,
n ;   I GLimp^^^p^) ifreyuy.

By definition of 5*, mr(s*) = mp(j) except when Y = X - I and F is

symplectic, in which case, r«p(j*) = mp(i) - 1. Thus mp(s*) = ß\-erW\-(s),

where /?p = 1 or 2 according as r e y uy or Tey. Let wr(s) = Y.ß nßr^

be the r-adic expansion of wr{s), and c^ = (1, 1, ... , 1) [ß terms). Then

a Sylow r-subgroup D(Y) of Cp(s*) is of the form Y[ß(Rmr<ar<o,cß)"ß ■ Thus

a Sylow r-subgroup 7* of C¡^)(s*) is of the form nr^KD as a subgroup of
7(F), so that P has a primary element v* and (v*) is conjugate with (w*)

in 7(F). Thus a conjugate of s* in 7(F) lies in K. Replacing 5* by its

conjugate, we may suppose s* e K. So Q:(i*) = CG(u*, s*) = CcG(S'){u*) and
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if wr is the restriction of u* to Vr(s*), then Ck(s*) = YlrCr(u*, s*), where

Cr(u*, s*) = Ccr(i<)(wf ). Moreover,

(3.11) Cr(u',s*)^GL(wr(s),erq^sn,

for all Tey. Since s* is an r'-element and s* e K, it follows (s*u*) e y
and [s*] e y .

Conversely, given [s*] e y, suppose 5* decomposes as (3.6). Since u* e

CG(s*) and the restriction wf of u* to Ir(s*) lies in Cp(s*), it follows

mr(i') = ßrerWr{s*). Define «p = mp(s*) except when Y = X - I and V is

symplectic, in which case, «p = mr(s*) + 1. In addition, define f/p = e^ * '

for T e y uy, nx+i = e™*+l(i*), and nX-i is chosen so that (3.9) holds with

r¡r{s) and wp(i) replaced by i/p and «p respectively. Thus «p and nr satisfy

the relation (1.11) for F* with mp(s) and tjr(s) replaced by «p and nr, so

that a semisimple element, denote by 5, exists in 70(F*) such that mp(s) = «p

and t]r{s) = ny ■ Such an element is determined uniquely up to conjugacy in

7(F*). Thus mr(s) satisfy equation (3.8) with wr(s) replaced by wr(s*). A

similar proof to above shows that a Sylow r-subgroup of C^y-)(s) has a pri-

mary element conjugate with u in 7(F*). We may suppose u e C/(k«)(s) and

(su) e y*, so that [s] e &*'. But [s] = [s'] for [s], [s'] e y* if and only if

mr(s) — mr(s') for all T e y, so the two maps induced by s i-> s* and s* i-> 5

are inverse each other and both are bijections. The isomorphism (3.5) follows

by (3.10) and (3.11).

Remark. As shown in the proof of (3E), if s* is a semisimple r'-element of

70(F) such that a Sylow r-subgroup of C^V)(s*) acts fixed-point freely on F,

then mr(s*) = ßre\~wr(s*), so that a dual s of s* is a well-defined semisimple
r'-element of 7o(F*). Moreover, if u* is a primary element of a Sylow r-
subgroup of Ci(v)(s*) and m is its dual, then we may suppose « is a primary

element of a Sylow r-subgroup of C¡(V.)(s) and CIa(V)(u*, s*) ~ C¡^v.)(u, s).

(3F). Given integer m > 1, let V be a symplectic or orthogonal space over ¥q

of dimension 2em and n(V) = em if V is orthogonal. Let G = 70(F), and B

a block of G contained in Wr(G, (s)) for some semisimple r'-element s of G*.

If a defect group R of B acts fixed-point freely on V, then R is conjugate in

7(F) with a Sylow r-subgroup of CG(s*), where s* is a dual of s in G.

Proof. Since R is radical in 7(F), it has a primary element z*. Let K =

CG(z*) and K* its dual. Then z* = z*(Y) for a unique Y e y uy, K =

Ci(v)(z*) ~ GL(w, eqe), and K* is embedded as a regular subgroup in G*.

Suppose (z*, Bz.) is a major subsection associated with B, in the sense of

[6], and B2. c %r(K, (t)). Then 5 and t are conjugate in G* by (3C) and 7?

is a defect group of Bz. . Replace 5 by a conjugate we may suppose s = t,
so that 7? is conjugate with a Sylow r-subgroup of C#* (s)* in K by a result

of [11, §5]. Let s* be a dual of 5 and p an element of order ra in Z(K*).

Such an element p exists since K ~ K*. Thus K* < CG. (p) and ôr = e for

all T e y uy with mT(p) ¿ 0. By (1.9) and (1.10) CG.(p) = K*, so that
p is a primary element of Or(Z(7C*)). Thus (p) is conjugate in 7(F*) with

the subgroup generated by a dual of z* given by (3D). Replacing p by pk

for some integer k, we may suppose p is a dual of z*. Since 5 lies in the

r-section containing p, we may suppose s* lies in the r-section containing z*
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and CK(s*) ~ CK.(s) by (3E). By (3.10) and (3.11) CK(s*) and CK.(s)* are
conjugate in K . Thus R is conjugate with a Sylow r-subgroup of Ck(s*) .

We may suppose 7? is a Sylow r-subgroup of Ck(s*) . Let P be a Sylow r-

subgroup of C/(i/)(s*) containing R and w* a primary element of P. So u* e

Z(P), 7? < Cp(z*) < CK(s*), and R = CP(z*) since P is Sylow in CK(s*).

Thus w* e Z(R) and w* is a primary element of R. So (z*) = («*) < Z(P),

P = C>(z*) = R, and (3F) holds.

Let y be the subsets of polynomials in y whose roots have r'-order.

Given T e y', we shall define Gp, Pr, Cp, 0p, and 5p as follows: Let Fr
denote a symplectic or orthogonal space of dimension 2ey8\~ over ¥q and of

type fip or e according as Y e y U y or Y e y if Fp is orthogonal.
Thus 7(Ip) has a primary element sp with a unique elementary divisor T of

multiplicity of ßyey and 7(Fp) has a basic subgroup Pp of form Rmr Qr o

by [12, (1.12) and (5.2)]. Let <7p = 7(Fr), G° = 70(Fr), and Cr = CGr(7?r).
Then sf e Gr and Cp ~ GL(wp, eqer°r), so that a Coxeter torus 7p of Cp

has order qmrer"r - emr. The dual Pp is embedded as a regular subgroup of

Cp , and in turn, Cp is embedded as a regular subgroup of Gr*. We claim that

there exists an element sp in Pp" such that Cc (sr) = Pp and as an element

of Gp*, sp and 5p are dual each other in the sense of (3E). Indeed

CGr(Sr) = {
7(Fr) ifT = X±l,

GL(éT,£r^)   ]fr¿X±l,

so that a Sylow r-subgroup of CGr(s^) acts fixed-point freely on Fr. By the

remark of (3E) a dual sp of .vp exists in Gr* and

' GL(er,eptfár) ifY¿X±l,

SOB(2e,q) if T = X ± 1 and Fr is orthogonal,

Gr (5r) "      (w,lxSOe(2e,q)) ifY = X+l and Fr is symplectic,

y SO(2e + 1, q) if r = X — 1 and Pp is symplectic,

where it; is an element in SO(Fr*) such that w2 e 1 x SOE(2e, ^), and 1 is the

identity matrix of size 1. Let Pp* be a Sylow r-subgroup of CGa, (sy), Cr* =

Qo.(Pi*), and Pp* = Ccf.(5p). Then sT e Pr* and Pf* = CcG0,(/r)(Pp*). Thus

Pf* has order qe^-e.e^ . But ercSr = wr^rar, r divides both qmr^r-£m^ and

^«■rár _ gp- ; so gp" = eWr and Pp is a Sylow r-subgroup of Gr*. In particular,

Pp" is cyclic of order ra+ar and has type Pmr,ar,o as a subgroup of 7(Fp*).

Let Pp be the Sylow r-subgroup of Pp". Then Pp is cyclic of order ra+ar and

there exists g e 7(Fr*) such that (Pp)* = Pp*, so that (Cp)* = CT*. Thus

(T*)^ = Pp*, and 5r"'g"' e P,* for some A e Cf*. Thus sf"'*"' is a dual of

if in Gp* and Cc (sr g ) = Pp . We may denote sr g by 5p and then

the claim holds. By (3E) Sp is uniquely determined by Y up to conjugacy in

7(Fp*).
Let 0p be the character of Pp corresponding to 5p, and let

8r = ±R%((pr) = ±Rcj(sr),

where the sign is chosen so that 0p is an irreducible character of Cp.  The
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block Ap of Cp containing 0r then has defect group Pp by [11, (4C)] and the

Brauer pair (Pp, Ar) of Gr has the label (Pp, sr, -).

(3G). Let Nr = NGr(Rr), and N(8r) the stabilizer of 8T in NT.

(a) (N(8T): CT) = ßveT. In particular, |Irr°(Ar(0r), 0r)| = ßreT and Rr is

a defect group of b^ .
(b) Let r, F e y such that GT = Gr and RT = Rv , so that Cr = Cr

and Nr = Nr>. Let 0r and 0r> be the canonical characters of br and Ap/

respectively. Then br = Ar< for some t e Nr if and only if S\- and sp< are

conjugate in 7(Fr*), where Vr* is the underlying space of Gr*.

Proof, (a) It suffices to show (N(0p): Cp) = /?p£r since Ap/Cp is cyclic of

order 2erar. If Y e y, then Cp = Pp, 0r = fa, and 0r is either the

identity character or the character of order 2 of Pr. Thus N(8\-) = Ap and

(N(8T):Cr) = 2er.
Suppose T e y uy, so that Pp = CGr(p) for some p e Pp and Pp =

CGr(pp) for any generator p of Pp. Let A be the unique elementary divisor

of pp and N(Tr) = A^Pp). Following [12, p. 149], if A e y, we have
N(T\-) = (a, Pp), where a:t^tq for t e Pr. Here a has order 2mrerar in

N(Tr)/Tr and a"*"** inverts Pp. If A e y, we have N(Tr) = (ß, y, Pp),
where ß: t i-> tq, y: t >-* t~x for t e Pp. Here ß and y have order mperar

and 2 respectively in Ar(Pr)/Pp. Moreover, Ap = Ar(Pp)Cp.

Let AV act on the pairs (T, fa by conjugation and let [P, 0] be the Cp-
orbit of the pair (P, </>), where P is a Coxeter torus of Cp and (f> is an irre-

ducible character of P. Then Nr induces an action on the Cp-orbits and the

Ap-orbit of [Pp, fa] consists of {[Pr, </>p? ]} , where 1 < / < mrerar. More-

over, we claim that for x e N\-, g e A^Tp), [Pr, </>r]T = [Pr, 0p] if and only

if (P^(<?V))T = P^r (0p) • Indeed given x e Nr, then P/ro = Pp for some tu e

Cp and (R%(fa)y = (R%(fa))™ = R%(faf). Thus [Pp, 0r]T = [2r, #] if

and only if [Pr, 0rro] = [Pr, 0r] if and only if (Pg(</>r))T = /§(# ) . Thus

the claim holds. In particular, N(8r) is the stabilizer of [Pr, fa] in Ap.
The group Cp acts on the pairs (P*, s) of Coxeter torus P* and s e P* by

conjugation. Let [P*, s] be the conjugacy Cp-class of (P*, 5). By [18, (7.5)]
the Cp-classes [P, (/>] are in bijection with the Cp -classes [P*, s] and if [P, </>]

í~ C* ^
corresponds to [P*,s], then Rj(fa = R/.(s) and [P, fa] corresponds to

[T*, sk] for any integer k . Let Pp be the Sylow r-subgroup of Pp and Ap* =

NI(Vr*)(Rî.). Then |Pp| = ra+ar, 7?* < Z(Cp), and Pp has form Rmr,ar,o as

a subgroup of 7(Fr*). So Cp = C/o(I/r«)(Pf) • Let A^P*) = N^^T*). Then

Ap" = A^(Pp)Cp and A^ acts on the pairs (P*,s) by conjugation, so that

Ap" induces an action on classes [P*, s]. If Gp is a symplectic group, then

7(Fp*) ~ 0(ßrerdr+ 1, q), and the action of A^Pp") on Pp is similar to that of

N(Tr) on Pp, namely for g e N(T¿), g acts on Pp by g: t *-* t±q , where

t € Pp and 1 < / < mrerar. If Gr is an orthogonal group, then I(V¿) ~

7(Fr) ~ 0±(ßrerdr, q) and the action of N(T^) on Pp is similar to that of

Ar(Pr) on Pp. Thus the Ap*-orbit of [Pp , Sp] consists of {[Pp , spq ]} , where

1 < / < mperar and the elements in this orbit are in bijection with that in the

Ar-orbit of [Pp, fa]. So (Ap: N(8r)) = (N* : N([T*, sr])), where N([T*, sr])
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is the stabilizer of [Pj*, sr] in Ap*. Let 77* = N([T*, sr]) or N([T*, sr]) n
70(Fp*) according as VT is orthogonal or symplectic. Then 77* > Cp and

\N(8t)\ = 177*| since |Ap| = \N^\ or \\N£\ according as Fp is orthogonal or
symplectic. Moreover, (N(8T): CT) = (77* : Cp).

Now fix the Cp-classes [Pp*, sr] ■ Then it is clear that Cp and 77* act
transitively on the class and so (77* : A//. (Pp , 5p)) = (Cp : NG* (Pp , 5p)), where

Nh'(T^.,st) and Arc*(Pp,5r) are the stabilizers of the pair (Pp,sr) in 77*

and Q respectively. But 77* > Cp , A^Pp , sr) = Pp1, and

(77* : Pp*) = (77* : Cr)(Cp : Pr*) = (77* : Afo.(I? , sr))(NH.(T^ , sr): Pr*),

so (77* : Cp) = (NH.(T*,sT): T*). If Fr is orthogonal, then Ci{Vjr)(sr) =

CIo{vr')(sr) by T e y uy. Thus in any case NH-(T¿, sr) < 70(Fr*). Let K* =

Cjj.^sr). Then K* ~ GL(é>r, ep^) and N„.(Tf,Sr) = Afr.(7?).  Since
Pp" is a Coxeter torus of 7C*, {NK.(Tf): T*) = er and then (N(8T): Cr) = er.

c*
(b) Let 0p' = ±RTr.(sr).   Suppose 81 = dp  for some t e JVr.   Then

[Tr,faY corresponds to [Pp, sr] for some n e N(Tr) since the elements
in the Ar-orbit of [Pp, fa] are in bijection with elements in the AÇ-orbit of

[Pp5, sp] and Nf = N(T*)C^ . Thus 0f = ±/*JÎ(sf) and [T*, sr] = [T*,, sp].
So sr is conjugate with sp in 7(F*). Conversely, suppose 5p and sp are

conjugate in 7(Fr*). Since Pp and Pp are Coxeter tori of Cp , Trc = Pp and

sr = j» for some c e Cp and w e 7(Fr*). If Y e y, then Cr = TT = T*,
and jp = 5p1, so that both sr- and sr are elements of Pp of order 1 or 2

according as T = X - 1 or Y = X + 1. Thus sp = ip and 0p- = 0r. Suppose

reyuy,sothat 7i:* = C/o(Kr«)(5p)c"'~1 and hence T*, T*fw~' are Coxeter

tori of K*. So T*g = Ppfw~' for some g e K*, T*gw = T*f = Tr, and
gw £ Nr . It follows that

[Pr*, sr]*"' = [Pp*, if] = [Ppc" , *r~'] = [7?., ir]•

Since gw e Np , [Pp , Sr]8W corresponds to [Pp, fa]x for some t e Ap and
then 0p< = 0p. This completes the proof.

Remark. Let Gp be an orthogonal group, and N0(8r) = N(8r) n Gr. By [12,

(6B)] (N(8r) : N0(8r)) = ßT .

For each a > 0 and w > 0, let Fm Q o denote a symplectic or orthogonal

space over F9 of dimension 2mera and type em if Vma<o is orthogonal. Thus

I(Vm,a,o) has a basic subgroup of form Pm,a!o (see §2).

(3H). Lei G = 7(FWQjo), P = Rm,a,o a basic subgroup of G, b a block of
CG(R)R with defect group R, and 8 the canonical character of b. If N(8)

is the stabilizer of 8 in NG(R) and (N(8): CG(R)R)r = 1, then G = Gp,
P = Pp, and 0 = 0p for some Y e y'.

Proof. Let C = CC(Ä), A7 = NG(R), and G0 = 70(Fm>a>0). Then C = CG,(R)
and A7C is cyclic of order 2er° .

Since C ~ GL(w, eqer°), it follows by [11, (4B) and (4C)] that

0 = erPr" (</>),

where er = ±1, P is a Coxeter torus of C and qí> is an r-rational irreducible

character of P. Moreover, the dual P* is embedded as a regular subgroup of
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C*, and C* is embedded as a regular subgroup of G*. . There is an element

s of P* such that s corresponds to 4> and P* = Ce (s). In particular, if

fa = 1, then s2 = 1, P* = C*, m = 1, and 0 - 0. Thus AT = 7\T(0) and
(Af(0): C)r = (AT : C)r = 1, so that a = 0. In this case P = P*±1, and

e = 0x±i (see [12, p. 148]).
Suppose fa ^ 1. Then as an element of C*, s has a unique elementary

divisor A with multiplicity 1 since P* = CG- (s) is the Coxeter torus of C*.

Regard 5 as an element of G*. By [12, (9A) and (9.2)] there is a unique

T e y U y such that the multiplicity of Y in j is e^r' and errldr = 2mera

for some / > 0. So CG-(s) ~ GL(epr', ej-q^). A similar proof to that of

(3G)(a) shows that (N(8): C) = (Nc<y.{s)(T*): P*) = eTrl.  Thus / = 0 and

eTdT = 2mera since (N(8): C), = 1. But (m, r) = 1 by [11, (4B)]. It follows

that m = mp, a = ap, and G = Gr, P = Pr, 0 = 0p. This completes the
proof.

Given Tey and y > 0. Let

(3.12) Frjy = FplFrl---lFr,

where there are ry terms Vr on the right-hand side. Then if Vf is orthogonal,
Vr,y has type (er)err' = Cp  or er' = e according as r e y uy or Tey.

(31). Let G = I(Vr,y), R = Rmr>ar>y a basic subgroup of G, and C — CG(R).
Then C = Cp ® Iy, where Iy is the identity matrix of order ry. The irreducible

character 8 - 0r ® Iy, of C defined by 8(c ® Iy) = 8r(c) for c e Cp is then a

character of defect 0 of CR/R, and |Irr°(7\r(0), 0)| = ßTev.

Proof. The proof is essentially the same as that of (3A), except that the auto-

morphisms on C = Cp ® Iy induced by N(R) have order 2^"", and their

actions are the same as the automorphisms on Cp induced by Ap/Cp.

Remark. Suppose G-I(Vr?) is an orthogonal group. Let Go = Io(Vr,y) and

Atj(0) = N(8) n Go . Then |7\T(0): N0(8)\ = ßT and for each y/ e Irr°(Af(0), 0)
the restriction ^|at0(6») of y/ to No(8) is irreducible. Indeed let N° =

{g e N: [g, Z(R)] = 1}. Then N° < N0(8) and in the notation of (3A),
N(8) = N(û) and N(û)/N° ~ N(8T)/CT, where û is the unique irreducible
character of N° covering 0 and having defect 0 as a character of N°/R. The

remark of (3G) implies \N(8): N0(8)\ = ßr. Since y/ covers û and N(û)/N°

is cyclic, ^l^o = ô is irreducible, so that y/\N0(e) is irreducible. This completes

the proof.

Given r e y, and d > 0. Let G = 7(Fpirf), and P = Rmr,ar,y>c be a
basic subgroup of G, where c = (c\, c2, ... , c¡), and y + c\ + c2 H-\-c¡ — d .

Then C = CG(R) = Cp ® Iy ® 7C, where Iy and 7C are the identity matrices of
order ry and rC|+C2+' +c' respectively. The irreducible character of C defined

by

(3.13) 8(c ® 7y ® 7C) = 0p(c)

for c e Cp is a character of defect 0 of CR/R. We shall say that the pair
(P, 0) is of type Y. If (P, 0) is of type Y, then 0 is a canonical character
of a block b of C with defect group Z(R), and the Brauer pair (P, A) of
G is also a Brauer pair of Gq = Io(Vr,d)  since  C = Cg0(P).   Let D be
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the base subgroup of P = Pmr, ar, y I Ac. Then each component Q of D is

of the form PmrQr),, so that by the remark of (1C)  Q contains a normal

subgroup Q' such that C¡o{Vmr ar y)(Q') = CI{Vmr ar y)(Q') = LL/li Q is a regular

subgroup of Io(Vmr,ar,y), where Vmr¡ar:y is the underlying space of Q and

C, ~ GL(wp, sqer°r) for all i. Let P' be the subgroup of D with each

component Q of D replaced by Q'. Then P' is a normal subgroup of P and

C = CG(R') = UÍi Q , where C, ~ GL(mr, eqer°r) for all 1 < i < rd . Thus

C is a regular subgroup of 70(Fr rf) and C < C , so that C* is embedded as
a regular subgroup of 70(1^^)*. Now we may suppose C, = Cp and sp e C*

for all i. Let

(3.14) xr = 5p x 5p x • • • x sp       (retimes)

be an element of C* and xf a dual of xr in G. Then as an element of

G, xp has a unique elementary divisor Y of multiplicity ßrerrd and type

^H-Xp) = ^(Vrj) ■ The subgroup Cv ® Iy ® 7C can be regarded as a diagonal

subgroup of C*, so that 5p®7y®7c e C* and xp is conjugate with 5r®7j,®7c

in 7(F*). Thus (P, A) is labeled by (P, xp, -). The Brauer pair (P, A) of
G will also be denoted by (R, 0).

(3J). (a) Peí G = 7(F), P a basic subgroup of G, (P, q>) a weight of G, and
8 an irreducible character of CG(R) covered by <p . Then (R, 8) is of type Y

for some Y e y .
(b) PAe pair (R ,0) of G with type Y is uniquely determined by Y up to

conjugacy in N = NG(R), that is, if (R, 8') is another pair with type Y, then

8' = 8" for some ne N.

Proof, (a) Suppose F = Fma >y<c and P = Rm,a,y,c, where c = (c\, ... , c¡).

Let Gi = 7(Fmia>0), Pi = Rm,a,o a basic subgroup of Gi, Ci = CGl(Pi),
and #! = NGl (Pi). Then C, ~ Gh(m , eqer") and C = CG(R) = Cx ® Iy ® 7£ .

Thus 0 has the form 8\®Iy®Ic, where 0i is a character of Ci. Since 0 has

defect 0 as a character of C/Z(R), 8\ has defect 0 as a character on C\/R\ .
The block of Ci containing 0i has defect group Pi.

Let Rm,a,y a basic subgroup of I(Vm>a>y), NmtClty and Cwa;>, the nor-

malizer and centralizer of Rmtaty in I(Vm<a>y). Then Cmt0tyy = C\ ® Iy and

(0i ® Iy)(c ® Iy) = 8\(c) for c e Ci is an irreducible character of Cm a y. By

(2.5)

N = (Arm,a>y/Pm;Q>7) ® NS{U)(AC),

N/R~(Nmt0lty/Rmta!y) xGL(ci, r) x ••• xGL(c,, r),

where u = rc'+"+c'.  If Aft>a,, = {g G Nm,a,y: [g, Z(PW;a>y)] = 1}, then

Nm,a,ylKi,a,y - M/Q . Let ç) = 7(^) for some y/ e Irr°(Ar(0)-, 0), and
N(0i ® Iy) be the stabilizer of 8\®Iy in Nm¡ctty. Then

N(8)/R~(N(8l®Iy)/Rm¡aíy) x GL(c,, r) x ••• x GL(C/, r).

But y/ is a character of defect 0 of N(8)/R,so it covers an irreducible character

^o in Irr°(A7'(0i®7j,), 0i®7y). Same proof as that of (3A) shows that Aft a y <

Af(0i ® 7y) and Aft,a,7 has a unique irreducible character r} covering 0i ® Iy

and having defect 0 as a character of Aft a y/Rm,a,y ■ Moreover, N(8\ ® 7y) =
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N(û) and N(ß)/N^ay ~ Ar(0,)/Ci, where N(8{) is the stabilizer of 0X in

Nx. Thus y/0 e ln°(N(û),û) and y/0(l) = û(l) since ^,a,X,«,, is

cyclic. By (3.1) (AT(0): Aft>Q;7)r = 1 and hence (A^): C,)r = 1. It follows
by (3H) that Gi = Gp, Pi = Pp, and 0i = 0r for some T e y'. Thus
(R\, 0i) is labeled by (Pi, sp, -) and (P, 0) has type Y, so (a) holds.

(b) Let G = I(VTtd), P = PWr,ar,y,e a basic subgroup of G, C = CG(P),

N = NG(R), 0 = 0p ® Iy ® 7C, and 0' = 0r ® 7,, ® 7C, where 0r, 0f are
irreducible characters of Cp, and 0, 0' are defined as (3.13). If (Pp, tr, -)
and (Pp, ir, -) are the labels of (Pp, 0r) and (Pp, 0r) respectively, then

/p, ir are conjugate in Gp since both Brauer pairs (P, 0) and (P, 0') are

labeled by (P, xr, -). It follows by (3G)(b) that 8™ = 0r for some w e Ap.

Let   Cmr,ar,,, = C/(Kr ,)(Pmr,ar,y)' S0 that   CW,ar,}' = Cr <S> Iy ■   Let   0p®

7y and 0f ® 7y be irreducible characters of Cmr,ar>y defined as (31). Since

Nmr.crjKr.ar.y  ~  -^r/Cp, it follows   (0 ® ly)k  = 0f ® Iy   ÍOT SOme   A  £
NmT,ar,y and so 0" = 0' for some « e N, where the structure of N is given

above with m and a replaced by wp and ap respectively.

Remark. Suppose P is a basic subgroup of G = 7(F), A a block of CG(R)R
with defect group P, and 0 the canonical character of A. If (N(8) : CG(R)R)r

= 1, then (P, 0) is of type Y for some T e y'. In particular, this occurs
when A is a root block of a block B and P is a defect group of B . Here a

root block A of a block B, in the sense of Brauer, is a block of CG(R)R with

defect group P such that bG = B , where P is a defect group of B. Thus if

A is a root block of B and 0 is the canonical character of A, then (P, A) is

a maximal Brauer pair containing (1, B) and (N(8): CG(R)R)r = 1, where A

is regarded as a block of CG(R). The proof of the remark is similar to that of

(3J)(a). Indeed in the notation of (3J)(a) N(di ® /y)/Aft,Q,, a N(8i)/Cl and

N(8)/CG(R)R ~ (A7(0, ® Iy)/Cm,a,yRm,a,y) x GL(c,, r) x • • • x GL(c,, r).

Thus (AT(0! ®7j,): Cm,atyRm¡a¡y)r = 1 and (N(8i ®7y): Aft „.,),='! since
(N(8): C(R)R)r = 1 . So (AT(0i): d)r = 1 and the block of C, containing 0,
has defect group Pi . By (3H) G, = Gp, Pi = Pp, 0j = 0p, and (P, 0) has
type T.

Following the remark above we can get a corollary.

(3K). Let V be a symplectic or even dimensional orthogonal space, G = 7(F),

G0 = 70(F), and let B and B' be blocks of G with defect D and D' respectively
such that [V,D] = V = [V,D']. Let b and b' be root blocks of B and B'
respectively, AG° ç %(Go, (s)), and A'G° ç ^(G0, (s')), where s and s' are

semisimple r'-elements of G*. Then B = B' if and only if s and s' are

conjugate in I(V*), where V* is the underlying space of G*.

Proof. Since D is radical in G, a primary element of D exists and then G
has an r-subgroup of form Pm,o,o for some m > 1. By [12, (1.12) and (5.2)],

F has dimension 2em and type em if F is orthogonal.

Suppose s and s' are conjugate in 7(F*), so that s* and s'* are conjugate

in G by definition. By (3F) D and D' are conjugate with Sylow r-subgroups

of CG(s*) and CG(s'*) respectively, so that they are conjugate in G. We may

suppose D — D'.
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By (2D) F and D have a corresponding decomposition,

V=Vl±V2±---±Vt,        D = DlxD2x-xDt,

where A is a basic subgroup of 7(Fj). Let 0 and 0' be the canonical char-

acters of A and A' respectively. Thus C = CG(D) - F], C,, 0 = Y[¡ 0,, and
0' = F], Q'i, where 0, 0' are regarded as characters of C, and 0,, 0- are char-

acters of Ci = C¡(V¡)(L>i) = Ci0(v¡){Di) • Since A and A' are root blocks, it

follows (N(8) : C7))r = (N(d') : CD)r = 1. Let tf(0,-) and N(8\) be the
stabilizers of 0, and 0- in A^i/.^A) respectively. Then (N(d¡) : C,A)r =
(JV(0;) : C,A)r= 1 for all ¿. By'the remark above, (A, 0/) and (A, 0,') are
of type T and Y' respectively, where r, F e y '.

Suppose (A , ti, -) and (A » ¿Í » -) are labels of Brauer pairs (A> 0/) and
(Di,8'i) of 7(F,) respectively. Let z e Z(7J>) be primary. Then we may

suppose tj and t\ are elements of 7C*, where K¡ = C/(^)(z,) and z, is the

restriction of z to F,. So (TJ), FT,- */, -) is the label of (D, b) and (D, f], t\, -)
is the label of (D, A'). By (3C), s and FT, i< are conjugate in G*. , so are s' and

fT, t'i • Thus these three elements s, Y[¡ ti, and n¡ t'¡ are conjugate in 7(F*).

Let D(Y) = n, A , i(T) = n, íí. ^(F) = E; Vt, D'(Y') = FI; A . and i'(F) =
F]; tj , where /' and ; runs over indices such that (D¡, 0,) and (D¡, d'j) have

type T and Y' respectively. Then ilr5^)' llpí(r/), and s are conjugate in

7(F*). Let zr be the restriction of z to V(Y) and Tip = C^v^r))(zr) ■ Then
TCp can be embedded as a subgroup of 70(F(r))* and s(Y) e Kr . If s(Y)* is
a dual of $(F) in 7o(F(r)), then ilrs(F)* is a primary decomposition of s*.
Similarly, rir5'(F)* is a primary decomposition of s*. So D(Y) is a Sylow
r-subgroup of 77r = C^y^(s(Y)*), and D(Y), D'(Y) are conjugate in G.

If F = X ± 1, then dim V(Y) = 2ewr for some wr > 0 and 7J>(r) =
ri«(i?i,0,0,^)"^, where nß > 0 such that tup = Yl,ßn^ is the '"-adic ex-

pansion of lop, and c^ = (1, 1, ... , 1) ()S terms). If Y ^ X ± 1, then

77p ~ GL(epWr,er^r) and 7J)(r) = Il^^r.or.o,^)"', where np and c^

defined as before.
Fix 1 < i < t. If (A , 0/) is of type Y, then A is a component of 7J>(r),

and so A = Rmr,ar,o,cß ■ Suppose for the same /', (A, 0,') is of type F.

Thus A is also a component of TJ)'(r'), and hence A = POTr, >ar, ;o,C/(- • So

wp = mp , ap = ap , and ß = ß'. Since D(Y') and D'(Y') are conjugate in

G, there exists a component A °f ^>(F), for 1 < y < í, such that (A > 0j)

is of type F and A = Ä%,i(,r, ;o,C/¡, • So A and A have the same form

Rmr,ar,o,Cß- By (2E), there exists A e 7VG(£>) permuting (V¡, D¡), (Vj, Dj)

and holding (F¿ , A) fixed for k ^ i, j . Thus A permutes (A » 0/), (A > fy)
and holds (Dk,8k) fixed for k ¿ i,j. Replacing (A, 0/) by (A, 0¡)h,
we may suppose both (A, 0/) and (A, 0,') are of the same type F, and

we may suppose this for all i > 1. By (3J)(b), for each /', 0f = 0,' for
some g, e NIiv.)(Di) and then 0g = 0' for some g e NG(D). It follows that

B = bG = b'G = B'.
Conversely, suppose B = B'. If AG° = A'G°, which occurs when G is a

symplectic group, then 5 and s' are conjugate in Gq by (3C).

Suppose AGo ¿ A'Go. Then G is an orthogonal group, and (bG°)g = A'G° for

some g e G of determinant -1. So B covers exactly two blocks AG° and A'G°

of G0 . Let Atj(0) be the stabilizer of 0 in ArGo(£>). Then (N(8) : 7VO(0)) = 1
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or 2. If (N(8) : N0(8)) = 2, then 8X = 8 for some x e G of determinant
-1. So (bG°)x = bGo and thus (AG°)* = AG° for all g eG. This is impossible.
Thus N(8) = 7VO(0) and then mx±i(s) = 0 by [12, (7B) and (7C)]. It follows
that C/(k-)(5) = Cq*(s), so there exists x e 7(F*) of determinant -1 such

that sx and s are not conjugate in G*. Let Dx be a Sylow r-subgroup of

CGo(sx*), and y* e Z(DX) primary. Thus Dx and D are conjugate in G, and

sx* e CG(y*) ~ GL(w, eqe) for some m > 1. Let y be a primary element

of a Sylow r-subgroup of Z(CG(y*)*). Then CG-(y) = CG(y*)* and (y) is

conjugate in 7(F*) with the subgroup generated by a dual of y*, so yk is a dual

of y* for some integer k > 1 and (y) — (yk) by \yk\ = ra . By the remark of

(3E) we may suppose sx lies in the r-section containing yk and sx e CG(y*)*.

There exists a block bx of CGo(y*) labeled by (sx, -), so that ((y*), A*) is

a Brauer pair of G0 labeled by ((>>*), sx, -) and A^° ç Wr(Go, (sx)) by (3C).

Since 5 and sx are conjugate in 7(F*), it follows that bG = B = bG by the

first half of the proof and so B covers AG°. Since s and sx are not conjugate

in G*,, it follows that AG° # AG° and so AG° = A'G°. Thus sx and s' are

conjugate in G*,. This completes the proof.

4. Weights for classical groups

In this section we count the number of P-weights for a block B of finite

classical groups. Given T e y and integer d > 0, let Vrd be a unitary

space of dimension rderdr over ¥q2, or a symplectic or orthogonal space over

¥q given by (3.12). Denote G = Go = U(Jp d) in the case Fp ¿ is unitary,

and G = 7(Fp>d), Go = 7o(Fr d) in the remaining cases.  Let 0 < y < d,
and c = (Ci, c2.c¡) a sequence of nonnegative integers such that d - y —

c\+c2-\-h ci. In addition, let

R = "mr , «r, 7 ' "-c\ Í ^C2 I ' " 1 ̂ »C; )

be a basic subgroup of G, C = CG(R), and N = NG(R). Then C = Cp®77®7c,
where 7j, and 7C are identity matrices of orders ry and rC|+C2+"'+e' respectively.

Define 0 on C by 0(c®7j,®7c) = 0p(c) for c e Cp. Then 0 is an irreducible

character of C and (P, 0) is of type T. Regard 0 as a character of CP trivial

on P. Then the block A of CP containing 0 has defect group P and the

Brauer pair (P, A) of Go has label (P, xp, -), where A is regarded as a block

of C, and Xp = r^r in the case G is unitary and xp is given by (3.14)

in the remaining cases. Let FmrQr ? be the underlying space of Pmrar),,

Gmr,ar,y = U(FmriQri7) in the case Vmr>aryY is unitary, or 7(FWr,ar;y) in the

remaining case. If 0p ® Iy is the character of CGm a y(Rmr,ar,y) = Cp ® I7

defined by (0p®7,,)(c®77) = 0r(c) for c € Cp and Ar(0r®7))) is its stabilizer

in   ArGmr,Qr,,(Pmr,ar,)') » then ^ (2-2) Or (2.5)

AT(0) - (A^(0p ® Iy)IRmT>aTty) ® JVS(B)(^e),

A^(0)/P ~ (A^(0p ® 7,)/PWr,ar>y) x GL(ci, r) x • ■ • x GL(q , r).

Thus the characters y/ in Irr°(A7'(0), 0) are parametrized by (/ + l)-tuples

(Wo, Wi, • ■ ■ , Wi), where y/Q € Irro(Ar(0r®7y), 0p®7y) and y/¡ is an irreducible

character of GL(c,, r) of defect 0 for i > 1. Necessarily, y/¡ are one of the
r - 1  Steinberg characters of GL(c,, r) for i > 1. By (3A) or (31) there are
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ßrer such characters y/Q, so that there are ßrer(r - 1)' such characters y/,

where ßr = 1 or 2 according as r e y U y or T e y. Thus there are

ßTer(r - I)'  AG-weights of the form (P, I(y/)).

(4A). Let V = Vr>d, B a block of G with defect group D and root block b

such that [V, D] = F and bG° ç |fr(Go, (xr)). PAé-m there are exactly ßY^i4
B-weights (R, y>), where R runs over the basic subgroups of G with degree
ßTeTdTrd .

Proof. (1) Suppose R = Rm,a,y,c is a basic subgroup of G, (P, <p) is a B-

weight, and <p covers the irreducible character 0 of CG(R)R. Then the block

A of CG(R)R containing 0 has a defect group P and bG = B. By (3B) or
(3J)(a) (P, 0) has type A for some A e y' and (P, A) has label (P, xA, -),
where A is regarded as a block of CG(R). If F is unitary, then A = Y by
[7, (3.2)]. Suppose F is a symplectic or orthogonal space. Let (D1, b') be a

maximal pair containing (P, A), so that b'G = B . As a block of CG(D')D', b'

is also a root block of B and AG° = b'Go ç fr(G0, (xA)) by (3C). Since D' is

a defect group of B, D' and D are conjugate in G and so [V, D'] = V. By

(3K) xA and xp are conjugate in 7(F*), where F* is the underlying space of

G*,. Thus A = T and m = mr, a = op, y + C\ + c2 H-\-c¡ = d.
The number of different sequences c = (c\, c2, ... , c¡) such that

d(Rmr,ar,y,t:) = ßrerdrrd   and   /(Pmr,ar,j,,c) = /

is Cj-i ' ) • Here 1 < I < d - y when <7 - y > 1 ; / = 0 when d — y, and

(ij) is interpreted as 1. There are ßr^r(r - 1)' characters ç> associated with

Pmr,ar>y,c, so that there are

y=0 /=0   ^ '

characters associated with Pmr,ar,j,iC's.
(2) Suppose F is a symplectic or orthogonal space. By (3J)(b) the pair (P, 0)

of type T is determined uniquely up to conjugacy in NG(R), so that there

are ßrerrd P-weights (R,tp). Suppose V is a unitary space and (R,b') is

another Brauer pair of G such that b'G = B , and 0' is the canonical character

of A', where P = Pmr,ar,j,,c. Then (P, 0') has type Y, C = CG(R) =
Cp ® 7y ® 7C, and 0' has the form 0r ® Iy ® 7C, where 0r is an irreducible

character of Cp. If Ar is the block of Cp containing 0r, then ApGr = Pr

and both Pp and b'T have a defect group Pp. By definition AGr = Pp and

Ap has a defect group Pp. Thus Ap = Ar for some w e Ap by Brauer First

Main Theorem. A similar proof to that of (3J)(b) shows that 0' = 0" for some

n e NG(R). Thus (4A) follows in this case.

Remark. In the notation of (4A), suppose F is orthogonal, G = 7(F), and

G0 = 70(F). If (P, 0) has type Y, then |7V(0) : N0(8)\ = ßr and for each

yi e Irr°(AT(0), 0), the restriction y/\N0(e) of y/ to A^o(0) is irreducible, where

A7o(0) = N(0) n G0 . Indeed in the notation above y/ = (^o, Wi, ■ ■ ■ , Wi) as

a character of N(8)/R, where y/0 e Irr°(Ar(0r ® 7y), 0p ® I7), and y/¡ is an

irreducible character of GL(c,, r) of defect 0 for i> 1. Let ATj(0r®7),) be the

subgroup of N(8r®I7) of determinant 1. Then \N(8r®I7) : A7o(0r®7?)| = ßT
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and the restriction of ^o to No(8r ® I7) is irreducible by the remark of (31).

Thus by (4.1) |AT(0) : N0(8)\ = ßr ■ Now the restriction of y/ to

77 = (Arj(0p ® Iy)/Rmr,ar,7) x GL(c,, r) x GL(c2 , r) x • • • x GL(c, , r)

is irreducible. Since N0(8)/R>H, i//\n0(8)/r is irreducible, and so w\n0(B) is
irreducible.

Given Tey and integer wr > 1, let G = U(F) or 7(F) and G0 = G
or 7o(F), where in the former case F is a unitary space of dimension Wrerdr

over Fg2, in the latter case F is a symplectic or orthogonal space over ¥q such

that dim F = wrßrerdr and if F is orthogonal, then n(V) = eWr or e^rer

according as Tey or r e y U y . Thus if F is unitary, then 5 = wrerY
is a semisimple element of G and CG(s) ~ GL(wrer, £rQSr), so that G has a

block P labeled by (5, -) and a defect group D of B acts fixed-point freely on

F since we may suppose TJ) is a Sylow r-subgroup of CG(s). In the remaining

case, a semisimple element s* in Go exists such that ntr(s*) = ßpepiip and

nr(s*) = n(V), so that a primary element of a Sylow r-subgroup of CG(s*)

exists and by the remark of (3E) a dual 5 of s* exists in G* which is uniquely

determined in 7(F*) up to conjugacy, where F* is the underlying space of

G*. . Moreover, by (3K) 5 uniquely determines a block P of G which covers

a block in %r(Go, (s)) and whose defect group acts fixed-point freely on F.

For each Y e 9r' and integer d > 0, let WTj = {<Pr,d,ij'- 1 < « <

A^r, \ < j < rd} be the set of characters associated with basic subgroups

of G = U(Fr>d) or I{VT>d) in (4A).

(4B). With the preceding notation, let B be a block of G with defect group

D and root block b such that [V, D] = V and bG° ç fr(G0, (s)). Then the
number of B-weights is the number fr of assignments

H%r,d-+{r-cores},        <?r,d,i,j " Kr,d,ij,
d>0

such that

¿ZrdzZzZ\Kr,d,ij\ = wr.
d>0       i=l j=l

Proof. Let (P, <p) be a P-weight of G, C = CG(R), and N = NG(R). Then
there exists a block A of CR with defect group P such that bG = B and

<p e bN . We may suppose Z(D) < Z(R) < R< D. Let z be a primary element

of D defined by the remark of (2D). Then z e Z(D) and [F, z] = F, so that
Cv(R) = 0. Thus in the decomposition (2B) or (2D) of P, we may suppose

P = Pf ' x Rd22 x ■ ■ ■ x Rdu«,

where P,'s are distinct nontrivial basic subgroups and P, appears d¡ times as

a component of P. Let F, be the underlying space of P,, G¡ = U(Fj) or 7(F¿)

according as F, is or is not a unitary space, C, = CG¡(R¡), and N, = NG¡(R¡).

Then C = Cdl xCdj x ■■■ x Cdu. Let 8 be the canonical character of A, so

that we may suppose 0 = n"=i Of > where 0, is an irreducible character of
CjR¡ trivial on P,. Let z, be the restriction of z on V¡ and 7C, = Cg,(z/)

for all i. Then P; and Y["=lKdi are a regular subgroup of 70(F,) and G0,
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so that Y["=l(K*)di is embedded as a regular subgroup of G*,. If (P,, s,, -) is

a label of the Brauer pair (P,, 0,), then s, e K*, F]"=i st e U"=i(K*)di » and

so (P, n"=i st,-) is a label of the Brauer pair (P, A). Thus s, and Xp are
conjugate in 70(F,)*, (P,, 0,) has type Y, and P, = PWr>Qr,y,,c, for some y,
and c,. It is clear that

u

N(8) = Y[N(8i)lS(di),
¡=i

where N(8¡) is the stabilizer of 0, in N¡. In particular, if y/ e Irr°(Ar(0), 0),

then y/ = FT"=1 ̂,, where y/; is an irreducible character of N(dj)iS(dj) covering

0f'. Moreover, y/¡ has defect 0 as a character of

N(8t) l S(di)/Rf ~ (N(ei)/Ri) I $(di).

Let Irr°(Ar(0/), 0,) = {pu: 1 < ; < ßrer(r- l)l{Ri)} . As shown in the proof
of [3, (2C)], the irreducible characters of defect 0 of (N(8i)/Ri)iS(di) covering

0,' are in bijection with assignments 9i,j*-*Ktj of characters to r-cores such

that Y^j>i \Ki,j\ = d¡. Thus the irreducible characters of lrr°(N(8), 0) are in

bijection with assignments p,- j i-> k¡j of characters to r-cores such that

u

J](degP,) 5^ \kíj\ = ßrerdrwr.
i=i y>i

For fixed d > 0, the number of irreducible characters associated with basic

groups of degree ßrerdrrd is ßvevrd. Let fép^ = {$»r,</,/,./: 1 < i < ßr^r,

1 < 7 < f} be the set of these characters. Then the number of P-weights is
the number of assignments

U^r.rf -► {r-cores}, <Pr,d,i,j ^ Kr,d,i,j>
d>0

such that

^2 ßrer^dr ^2J2 lKr,d, i:,j<\ = ßrerdrwr ■
d>0 i=l 7=1

This induces the required condition of (4B).

(4C). With the preceding notation, let G = 0(F) be an orthogonal group, Go —

SO(F), and R a radical subgroup of G such that [V, R] = F. Let (R, A)
a Brauer pair of Go labeled by (R, s, -) and 8 the canonical character of A.

Then \N(8) : A7O(0)| = ßr and the restriction y/\No{e) of each y/ e lrr°(N(d), 8)
to N0(8) is irreducible, where N0(8) = N(8) n G0 ■

Proof. In the notation above R = Rdl x Rdl x ■■■ x Rdu, F, is the underlying

space of Ri, C = CG(R) = FFjLi Cf', and 0 = Y["=i et > where 0; is an irre-
ducible character of C, = Co(v¡)(Ri) for i > 1. Each (P,, 0,) has type Y. Let
N(8i) and No(8¡) be the stabilizers of 0, in N0^(Ri) and Nso^(Ri) respec-
tively. By the remark of (4A), \N(8,) : 7VO(0/)| = ßr and so \N(8) : 7V0(6»)| = ßT

since N(8) = T\t\ N(d¡) l s(d¡) ■ If V e Irr°(# (0), 0), then yr = TJU ¥i>
where y/, is an irreducible character of Ar(01) i S(úf,) covering 0f'. Moreover,
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y/i has defect 0 as a character of N(8¡) | S(di)/Rd' ~ (Af(0,)/P,) ¡ S(d¿). Let

No(8d') be the subgroup of N(8¡) l S(d¡) of determinant 1. It then suffices to

show that the restriction of y/¡ to No(8di) is irreducible. Thus we may sup-

pose u = 1 and d = dx, so that 0 = 0f and N(8) = N(8i) i S(d). Since
\N(8) : A7o(0)| < 2, ^|/v0(e) is irreducible if and only if N(8) stabilizes an
irreducible constituent of y/\Na(e) ■

Let T = N(8i), 77 = N(8) = PI S(d), X = Td the base subgroup of 77,
TTq = A7o(0), and X0 the subgroup of X of determinant 1. Then 77 = XxS(d)

and Ho = Xo x S(rf). We may suppose |77 : 77o| = 2 and hence \T : Po| = 2,
where Po = P n 7o(F]). Morever, (Pi, 0i) has type Y and the restriction of

each character in Irr°(P, 0i) to Po is irreducible by the remark of (4A). As

shown in the proof of [3, (2B)] (cf. also [17, 5.20]), the irreducible characters

of 77 can be obtained as follows: Let Irr P = {c;1, £2, ... , c;'} be the complete

set of irreducible characters of T, and £ an irreducible character of X . Then

m = (m\, m2, ... , mt) is called the type of c; if m¡ is the multiplicity of c;'

as a factor of £ . The stabilizer of £ in 77 is XSm , and ¿; can be extended

to an irreducible character ¿; of XSm (see [17, 5.13]), where Sm is the Young

subgroup of S(d) of type m. By Clifford theory, all irreducible characters

of XSm covering £ have formcjC and Ind^^C) is irreducible, where C is
an irreducible character of XSm trivial on X. Moreover, these characters

{Ind^Sm(££)} consist of a complete set of irreducible characters of 77 as ^

runs over the representatives of conjugacy 77-classes of IrrA", and, while t,

is fixed, C mns over irreducible characters of Sm, where m is the type of £,

(see [17, 5.20]). In particular, lndXSm(£Ç) has defect 0 as a character of 77/P

if and only if Ç has defect 0, and c; has defect 0 as a character of X/R. If

IndfSin(ÇÇ) e Irr°(77, 0), then we may suppose c; covers 0 .

Suppose t, e Irr0(A", 0). Then the restriction £o = Ç\Xo is irreducible since

¿;|r</ is irreducible by the remark of (4A). Let K be the stabilizer of c;o in 77o .

Then XQSm < K, where m is the type of ¿j. We claim X0Sm = K. Indeed

if there exists x e Ar\Z0Sm, then we may suppose x e S(i7)\Sni, Çx ̂  £,, and
£x\x0 — £o , since 77o = XoS(d) and the stabilizer of c¡ is XSm . In particular,

d > 1. Thus & ^ C¡ for some zth components ¿;, and £■ of c; and Çx

respectively and so ¿;,(A) ̂  ¿;,'(A) for some A e P. Since Ç\Xq = Çx\x0, h has

determinant -1 . Let w = diagiu^ , w2, ... , wd} € X such that w¡ = h = Wj

for some j ^ i, and wk — 1 for k ^ i, j. Then w e Xo and so Ç(w) = Çx(w).

But the ith components of Ç(w) and Çx(w) are ¿j,(A) and c;;'(A) respectively.

This is impossible and the claim holds.

Since i is an extension of c; to XSm, it follows <f \Xo - ¿jo and hence

l|x0sm = <fo is an extension of ¿;o to X0Sm. By Clifford theory again, each

irreducible character of XoSm covering ^0 has the form ÇoX, where x is an

irreducible character of X0Sm trivial on Xo, and each irreducible character of

770 covering ¿j0 has the form Ind^Sm(^0z) • Now for y/ e Irr0(77, 0), y/ =

Ind^Sm(c;Ç) for some irreducible character ¿j of X with defect 0 as a character

of X/R, and Ç\Xo = £o is irreducible. Thus there is an irreducible constituent

y/0 of y/\Ho covering ¿j0 and so y/0 = Ind^Sm(|0^). We claim that y/¿ = y/0

for any x e X.  Indeed this is true for x e Xo and we may suppose x has
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determinant -1. Since \XSm : ytoSm| < 2, x normalizes X0Sm and for x, h e

770 , we have AT"'X e X0Sm if and only if hx e X0Sm since hT~'x = A*(*~'T~lj0

and x~xx~xx e X. If hx~'x e X0Sm, then (£0*)(AT~'X) = (¿o*)*'(A*), where

t' = x_1tx e X. Since Ç\Xosm = ¿o is irreducible and x is trivial on Xo,

<f| = ¿5o and xg = Z for any g eX. Therfore (¿ioXY'(hx) = (£0x)(hx) and so

(£oX)(hT~'x) = (íoX)(hx), for any A, x e 770 . Thus y/J = y0 and so y/\Ho = y/0

is irreducible. This proves (4C).

We now prove the main theorem of unitary groups.

(4D). Let V be a unitary space over ¥q2, G = 17(F), B be a block of G
with label (s, k) , Y[rs(Y) the primary decomposition of s, Y,rV(Y) the

corresponding orthogonal decomposition of V, and u>p the integer such that

dim F(r) - rfp|/cr| = drerwr. Then the following hold:
(1) The number of B-weights of G is Y[rfr, where fr is given by (4B). In

particular, fr is the number of ey-tuples (k\ , k2, ... , Ker) of partitions k¡ such

that Y,%i \k¡\ = wT.
(2) The number of B-weights of G is the number 1(B) of irreducible modular

characters in B.

Proof. Let P be a radical subgroup of G and V = V0 ± V+ , where Vq = Cy(R)
and V+ = [V, P]. Then R = R0 x R+, where P0 = (lVo) and P+ < U(F+).
Let C = CG(R), AT = NG(R), so that C = C0 x C+, N = N0 x N+, where
C0 = A70 = U(F0), C+ = CU(F+)(P+) and N+ = NV{V+)(R+). Suppose A is a

block of CR with defect group P and bG = B. Then A = Ao x b+, where
Ao is a block of CbPo = U(Fo) of defect 0, and A+ is a block of C+R+ with
defect group P+. The canonical character 0 of A decomposes as 8q x 8+,

where 0o and 0+ are the canonical characters of Ao and A+ respectively. Thus

N(8) = NQ x N(8+), where #(0+) is the stabilizer of 0+ in #+ .

Suppose (P, I(w)) isa P-weightof G, for some y/ € lrr°(N(8), 8). Clearly

yi — y/ox y/+ for character y/0 of Nq and y/+ e Itt°(N(8+), 8+). Since y/o is

a character of Afo = C0 covering 0O, it follows that y/o = Oo ■ The corre-
spondence (R,I(y/)) h-> (P+, 7+(y+)), where y/ = 0O x y/+ and I+(y/+) =

Ind^0+)(y/+), is clearly a bijection from {(P, 7(y/)): y/ e Irr°(7V(0), 0)} to

{(P+,+7+(^+)):^+eIrr°(iV(0+),0+)}.
By a theorem of Broué-Puig, [7, 3.2], we may suppose s = sqx s+ such that

sq e Co , 5+ e C+ , (sq, k) is the label of Ao, and (s+ , -) is the label of Au(K+).

In the correspondence above, (R+, I+(y/+)) is a AU(F+)-weight. So the number

of P-weights in G is the number of A+ +)-weights in U(F+). Thus we may

suppose V = V+ .
Let P = n'=i R> an<^ v = ©!=i vi be the decompositions of (2B), and let

C = n'=i C¡ and 0 = FJ¿=i ̂ ,, where C, = Cu(^)(P/) and 0, is a character
of C,. Since the block A, of CiR¡ containing 0, has a defect group P,,

(P,, 0,) has type Y for a unique T e y' by (3B). Moreover, if (P,, i,, -) is
the label of (P,, A,-), then (P, FT, */ » -) is the label of Brauer pair (P, A) of
G, where A, and A are regarded as blocks of C, and C respectively. By [7,

(3.2)] (P, 5, -) is also a label of (P, A), so that s and FT,- *« are conjugate in

G. Let P(r) = F], Ri, C(Y) = F], Q , 8(Y) = Ur Ö« > and i(F) « II, U , where
/ runs over all 1 < /' < t such that (P,, 0;) is of type Y. Then P = FTr^-(r) >
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0 = TJr 0(F), C = TJr C(Y), and TJr t(Y) is a primary decomposition of 5 in
G. We may suppose s(Y) = t(Y), so that N(8) = UrN(e(r)) » where N(8(Y))
is the stabilizer of 0(r) in A/U(i/(p))(P(r)).

Each y = rir VVI, for y/ e Irr°(Af(0), 0) and p-(F) e Irr°(AT(0(r)), 8(Y)).
Let b(Y) be a block of C(Y) containing 8(Y), and B(Y) = b(Y)u(v™ . Then
P(r) is labeled by (s(r),-) and (R(Y), I(y/(Y))) isa P(r)-weight. Con-
versely, if B(Y) is a block of U(F(r)) with label (s(Y), -) and (R(Y), <p(Y))
is a P(r)-weight, then there exists a block A(r) of C(T)P(r) with defect
group R(Y) and the canonical character 0(r) such that b(Y)v^v^ = B(Y)

and p(r) = I(y/(Y)) for some p(r) e ln°(N(8(Y)), 0(r)). Let P = nr*-(r).

0 = nrÖ(r), A = rirMr), and y/ = up V(T). Then ^ e Irr°(7V(0), 0),
bG = B, and (P, 7(y/)) is a P-weight. By (4B) the number of P(r)-weights of
U(F(r)) is /p and so the number of P-weights of G is ilrir- By [3, (1A)]
fr is also the number of er-tuples (/Ci, k2 , ... , /c^) of partitions k¡ such that

S/£i lKil - Wr ■ This last number is also the number of partitions with er-core

Kp and ep-weight Wy . So TJr ./r is the number 1(B) of irreducible modular

characters in B by [11, (8A)]. This completes the proof.

(4E). Let q be a power of an odd prime, V be a symplectic or even dimensional

orthogonal space over ¥q, G — I(V), Go = 70(F), P a block of G with defect
group D and root block b such that [F, D] = V and bG° ç l?r(Go, (s)) for
some s e Gq. Let s* be a dual of s in Go and mp(s*) = wrßr^r, where tup

is an integer and ßr = 1 or 2 according as r e y U y or Y e y. Then

the number of B-weights is Y[rfr, where fr is given by (4B). In particular, the

number fr is the numbler of ßxey-tuples (k\,k2, ..., Kßrer) of partitions /c,

such that Xlfrr lK/l = wy-
Proof. Let (R,<p) be a P-weight of G, C = CG(R), and W = A^G(P). Then
there is a block A of CR with defect group P and the canonical character

0 such that AG = P and <p = I(y/) for some y/ e Irr°(A^(0), 0). We may
suppose Z(D) < Z(R) < R < D, so that [V,R] = V.

Let P = n¿P¡ and F - J^Li ^ be tne decompositions of (2D), and let

C = n!=i Ci, and 0 = Y['i=l 0,, where C, = C/(^)(P,) and 0, is a character
of C,-P,- for all i. The block A, of C,P, containing 0, has defect group
P,. We claim that there is a weight (P,, #,) of 7(F,-) such that x¡ covers

8i, namely there is an irreducible character Xi of A^,/P, which covers 0, and

whose defect is 0, where N¡ = N[(V¡)(R¡). Thus by (3J)(a) (P,, 0,) has type Y

for some Y e y . To prove the claim we rewrite the decomposition of P as

n"=i Rj', where P/s are distinct basic subgroups and Rj appears <7/-times as

a component of P. Then

N = YlNjlS(dj).
j=i

Thus (p — n"=i <Pj and (Pf , y>7) is a weight of 7(A), where A is me un-

derlying space of Rj1. So we may suppose u = 1 and d = d\. Thus R = Rd ,

N = Nii S(d), and <p is a character of defect 0 of N/R ~ (A^/Pi) ! S(¿). As
shown in the proof of (4C), the restriction of <p to the base group (Ni/R\)d of
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N/R has a constituent (¿ji, £2, ... ,Çd) covering 0 and each & has defect 0
as character of A^/Pi . Thus £, covers 0, and the claim holds.

Let (P,, t¡, -) be the label of Brauer pair (P,, A,). As shown in the proof

of (4B), (P, nLi U > -) is a label of (R. *) and °Go £ Wo, (II, *i)) • If V*
is the underlying space of G¿ , then 5 and Yl'i=i U are conjugate in 7(F*) by

(3K).
Let R(Y) = n,P,, V(Y) = £, F,, C(Y) = UtQ, 8(Y) = ft G,, and

t(Y) - TJ, '/ > where i runs over 1 < i < t such that (P,, 0,) is of type

r. Then P = rir*(r), F = £r V(Y), C = ilrC(r), 0 = TJpö^), and
nrí(r) is conjugate with 5 in 7(F*). It is clear that N(8) = Y[vN(B(Y)),
where N(8(Y)) is the stabilizer of 0(r) in N^y^^RÇY)). A similar proof to

the last paragraph of (4D) shows that the number of P-weights is Ylj-fi- and

by [3, (1 A)] fr is the number of /Jpep-tuples (k\,k2, ..., Kßrer) of partitions

K, such that J2i \Ki\ — wr ■ This completes the proof.

Remark. With the assumption of (4E), let G = O(F), G0 = SO(F), (P, tp)
a P-weight of G, and 0 an irreducible character of C = CG(R) covered by

(p . Then |7V(0): N0(8)\ = 1 of 2 according as mx±i(s) = 0 or mx±i(s) ^ 0.

Moreover, for each y/ e 1^(^(0), 0), the restriction ^U0(ö) is irreducible,

where N0(8) = N(8) n G0. Indeed in the notation above P = nr-^n*

V = £rF(r), G = nrö(r), N(8) = nrAW)h and 5 = TJr^r). Thus
y/ = Y[ry/(Y) for some y/(Y) e Irro(A^(0(r)), 8(Y)). Since [F, P] = F, it
follows that [V(Y), R(Y)] = V(Y). If b(Y) is the block of Cb(K(r))(P(F))P(r)
containing 8(Y), then the Brauer pair (R(Y), 0(r)) has label (P(r), i(r), -).

By (4C) \N(8(Y)): N0(8(Y))\ = ßr and y/(Y)\No[e{r)] is irreducible, where
N0(8(Y)) = N(8(Y)) n SO(F(r)). So |7V(0) : 7VO(0)| = 1 or 2 according as
mx±i(s) = 0 or mx±i(s) ^ 0, and w\n0(6) is irreducible.

(4F). Let q be a power of an odd prime, G = Sp(2«, q) - Sp(F), P a block
of G contained in ^(G, (s)) for some semisimple r'-element s of G* =

SO(2« + 1, q). Let D be a defect group of B, F0 = CV(D), V+ = [V,D],
so that V = Vo ± V+, and let s = so x s+ be the corresponding decomposition

in G*. Then mr(s) - Wp(io)'= Wrßr^r for some Wr > 0, where ßr = 1
or 2 according as Teyuy or Tey. PAe number of B-weights is

Y[r fr, where fr is given by (4B). In particular, fr is the number of ßrer-tuples

(k\,k2, ... , Kßrer) of partitions k¡ such that ^flf \K¡\ =Wp.

Proof. Let (D, b) be a maximal Brauer pair of G containing (1, B), and

Û be the canonical character of b. Then D — Dq x D+ , b = bo x b+, and

û = ûo x d+ , where Dq = (1Vo)< Sp(F0), D+ < Sp(F+), b0, b+ are blocks of

Sp(F0) and CsP(v+)(D+) respectively, and #0 e bo , $+ € b+ .
Let (P, <p) be a P-weight of G, C = CG(R), and N = NG(R). Then

there is a block A of CR with defect group P and canonical character 0

such that bG = B and <p = I(y/) for some y/ e Irr°(Ar(0), 0). We may

suppose Z(D) < Z(R) < R< D. Thus CV(R) = F0, [V, R] = V+, so that
P = P0 x P+ , C = C0 x C+ , N = N0x N+, where R0 = D0, R+ < Sp(F+),

C0 - Arj - Sp(F0), C+ = CSp(K+)(P+), and A^+ = NSp{v+)(R+). Let A = A0 x A+
and 0 = 0o x 8+ be the corresponding decompositions. Then Ao is a block

of C0Po = Sp(F0) of defect 0, A+ is a block of C+R+ with defect group
P+, and 0o e A0, 0+ e A+.  We claim 0O = ö0 •  Indeed let (D'+, b'+) be a
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maximal Brauer pair of Sp(F+) containing (P+ , b+), b' = Ao x b'+ , and D' =

DqxD'+. Then (P*',b') is a maximal Brauer pair of Sp(Fo)xSp(F+) containing

(P, A). If N(D',V) is the stabilizer of (D',b'\ in the normalizer NG(D')
of D', then (TJ)', b') is maximal in G if and only if (D', b') is maximal in

N(D', V). Since NG(D') < Sp(F0) x Sp(F+), (D', V) is maximal in N(D', V)
and then maximal in G containing ( 1, P). By the Brauer First Main Theorem,

(D, b)* = (D', V) for some g e G, so that (#0 x û+)* = 80 x ô'+, where û'+ is

the canonical charcter of b'+ . Since D = D0xD+ and D' = A x D'+ , it follows

£ e Sp(F0) x Sp(F+), and so g = go x g+ , for g0 e Sp(F0) and g+ e Sp(F+).

Thus 0o = ûo and of = #; . Moreover, A?(K+) = b*p(F+) = b*p(F+).
It is clear that N(8) = Ao x N(8+), where N0 = Sp(F0) and N(8+) is the sta-

bilizer of 0+ in N+ . If y/ e lrr°(N(8), 0), then y/ = y/oxyi+, where xpo is an

irreducible character of Ao = C0 covering 0O, and y/+ e lrr° (N(Q+), 8+),

so that y/o = 8o - &o- The correspondence (R,I(y/)) >-> (P+,7+(^+)),

where y/ = 8q x y/+ and I+(y/+) = Ind^|ö+)(^+), is clearly a bijection form

{(P,7(y0): y/ e Irro(JV(0), 0)} to {(P+,+7+(^+)): y,+ e Irr°(A'(0+), 0+)}.

Since (P+, I+(y/+)) is a b+p(K+)-weight, the number of P-weights in G is the

number of A+p(F+)-weights in Sp(F+). Thus (4E) implies (4F).

In the following, we consider special orthogonal groups. If G =

SO(2n + 1, q), then by Fong and Srinivasan, [12, (10B)], a block P of G
is labeled by a pair (s, k) , where 5 is a semisimple r'-element in a dual group

G* of G, k = TJr Kr is a product of symbols or partitions Kp according as

Tey or Teyuy such that each Kp is the ¿p-core of either a symbol with
rank [jmj-(s)] and odd defect, or a partition of wp(j) according as T e y or

T e y uy . Moreover, by [12, (12A)], P ç ^(G, (s)).

(4G). Pé-í # be a power of an odd prime, G = SO(F) = SO(2« + 1, q), B a
block of G with label (s, k) , Y[rs(Y) a primary decomposition of s in G* =

Sp(2«, q), and let tup be an integer such that /np(s) = |«rp| + erwr if Y e

y U y, and mp(s) = 2 rank Kp + 2eptt;r if Y e y. PAe« the following hold:
(1) PAe number of B-weights of G is ür^- wAere fr is the number of

ßpSY-tuples (ki , k2, ... , Kßrer) of partitions /c, such that ^fli7 lKi| — ̂ r. and
ßr = 1 or 2 according as Teyuy or Tey.

(2) PAe number of B-weights of G is \B n ^(G, (s))\.

Proof. Let G = O(F), so that G = (-Ik) x G, and let P = 1 xP be a block of

G, where 1 is the principal block of (-Ik) • Let (P, (p) be a P-weight of G,

AT = NG(R), and AT = A^~(P), so that Ñ = (-lv) x N. There exists a block

b of N such that ç? e A and bG = B. Let A = 1 x A and (p = l(_iK) x ^,

where l(-iK) is the principal character of (-Ik) • Thus 0 e A, AG = P, and

(P, p) is a P-weight of G. The correspondence (R, <p) y-> (R, <p) is clearly a

bijection from P-weights to P-weights. Thus the number of P-weights in G

is the number of P-weights in G.

Let (D, b) be a maximal Brauer pair of G containing ( 1, B), û the canon-

ical character of b, F0 = CV(D), V+ = [V,D]. Then V = V0 1 V+ and
F+ is an even dimensional orthogonal space since D is radical. In addition,

let G0 = O(F0),  G0 = SO(F0),  G+ = 0(F+), and G+ = SO(F+).   Then
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D = A x A , b = b0 x b+ , û = û0xê+, where D0 = (1k0> < G0, D+< G+,

b0, b+ are blocks of G0, C~ (A) respectively, and ô0 e b0 , û+ e b+ .

Now the proof of (4F) can be applied here with G replaced by G, P by

P, 0 by 0, b by b, and some obvious modifications. Thus the number of

P-weights in G is the number of bG+-weights in G+. Moreover, b+ is a

root block of bG+ and bG+ ç gr(G+, (s+)). Since C~(D) = (-lVo) x CG(D)

and P = 1 x P, it follows that b = 1 x b for some block b of CG(D) and

bo = 1 x bo , where 1 is the principal block of (-1k0) and bo is a block of Go .

Thus $o = \(-iv ) x 0O for 0O € bo . Since C~ (A) = Q?+(A) > b+ is a block

of CG+(D+) and then bo x b+ is a root block of P . Here bo x b+ is regarded

as a block of CG(D)D. As shown in the proof of [12, (12A)], (so, k) is the
label of #o , so that m?(s) = |/cp| + mp(s+) if Y e y uy, and wp(s) = 2 rank
/c + mp(s+) if T e y. Thus mj-(s+) = mr(s* ) = wrßr^r, where s+ is a dual
of 5+ in G+ . So (4G)(1) follows from (4E).

Finally, there exists a bijection between f(G, (5)) and i*(CG.(.s)*, (1)). By

[12, (12A)] and [19, Proposition 14] the number given by (1) is the number of

the characters of ÏÏ(G, (s)) n P .

Remark. (1) Suppose G = SO(2« + 1, q) and r is a good prime. Then by [13,
5.1] 1(B) = \B n f(G, (s))\, so that /(P) is the number of P-weights.

(2) By a result of Fong and Olsson (unpublished), if G = SO(2« + 1, q) and
r is odd, then 1(B) - \B n f(G, (s))\ and this is the number of P-weights.

(4H). Let q be a power of an odd prime, G = SO±(2n, q) = SO(F), P is
a block of G with defect group D and root block b such that B ç %(G, (s))
for some semisimple r'-element s of G* = SO±(2«, q), and let F0 = CV(D),
V+ = [V,D], so that V = F0 X V+. Let s = s0 x s+, û = û0 x ■&+ be
the corresponding decompositions, where 0 is the canonical character of b. If

mr(s+) = wrßrer for some wr>0, then denote fr the number of ß^e^-tuples

(k\ , k2, ... , Kßrer) of partitions k¡ such that Yl¡í7 \K'\ = wr • where ßr = 1

or 2 according osTeyuy or Y e y. Then the following hold:

(1) If either mx±i(s+) = 0 or 0q° = 0O for some ao e O(F0) of determinant

-1, then the number of B-weights is Y[r fT.
(2) Suppose mx±i(s+) ^ 0. If either F0 = 0 or $%<> ¿ 0O for any a0 e O(F0)

of determinant -1, then the number of B-weights is \ TJr 7r •

Proof. Let G = 0(F), G0 = O(F0), G0 = SO(F0), G+ = 0(F+), G+ =
SO(F+), and P = D0 x A, where P0 = (1f0) and D+ < G+. In addition,

let b+ be a block of CG+(A)A containing 0+ , and b++ ç #(G+, «)) for
some semisimple r'-element 5+ of G*.. Then (P+ , s'+, -) is a label of Brauer

pair (A , b+). But (D+ , s+, -) is also a label of (D+, b+), and so s+, s'+ are

conjugate in G*_.

Let (P, <p) be a P-weight, C = CG(R), C = Cd(R), AT = ATG(P), and Ñ =

N~(R). Then there exists a block A of CP with defect group P and canonical

character 0 such that AG = P and <p - I(y/) for some y/ e Irr°(Ar(0), 0). We

may suppose Z(D) < Z(R) < R < D, so that P = Po x P+, C = Go x C+,

C = Go x C+,  TV = (t, Go x A^+), and Ñ = G0 x Ñ+, where P0 = D0,
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R+<G+, C+ = CG+(R+), N+ = NG+(R+), N+ = A^~+(P+), and x = x0 x x+

with to e Go, x+ e G+ of determinants -1. Thus N = (xq , TV), 8 - do x 0+ ,
and A = Ao x A+ , where Ao is a block of Go of defect 0, A+ is a block of C+P+
with defect group P+ , 0o e Ao, and 0+ e A+ .

Let (A, b'+) be a maximal Brauer pair of G+ containing (P+, A+), where

A+ is regarded as a block of C+. Let D' = D0 x D'+, b' = Ao x b'+. A
similar proof to that of (4F) shows that (D', b') is a maximal Brauer pair of G

containing (P, A), where A is regarded as a block of C. So (D, b)? = (7)', b')

for some g e G by the Brauer First Main Theorem. Thus g = go x g+ for

go e G0 and g+ e G+. If det g0 = -1, then we replace A by AT and 0O by

0q° . We may suppose go e Go and g+ e G+ . Since (0o x û+)g = 0O x û'+ ,

it follows that 0O = 0o and 0f = 0+, where ß'+ is the canonical character

of b'+. It follows that b'G+ = bG+, so that b+G+ = A++ and we may suppose

(P+, s+ , -) is a label of (P+ , A+).   Replacing P by Po x P++    and A by

Ao x A++  , we may suppose (P, A) < (7), b).

(1) Suppose m/±i(j+) = 0. Set B+ = bG+, so that b+ is a root block of P+

and A is a defect group of P+ . We shall show that the number of P-weights

in G is the number of B+ -weights in G+ .

Let N(8+) and 7V(0+) be the stabilizers of 0+ in N+ and Ñ+ respectively.

By the remark of (4E) N(8+) = N(8+). Since N(8) = G0 x N(8+), it fol-

lows that y/ = 0o x y/+ for some y/+ e Irr°(Ar(0+), 0+). Then (P+, I+(y/+))

is a P+-weight of G+, where I+(y/+) = Ind~+    (y+).   Conversely, suppose

(P+, <p+) is a P+-weight, where P+ is a radical subgroup of G+. Then

[F+, P+] = F+ and there exists a block of C+R+ with defect group P+ and

canonical character 0+ such that #>+ = I+(y/+) for some ^+ e Irr°(./V(0+), 0+)

and AG+ = B+ , where C+, A+ are given before, A^(0+) is the stabilizer of 0+

in N+ , and 1+ is defined as before. By the remark of (4E) N(8+) < G+ . Let
0 = 0+ x 0+ , R = D0x R+ , y/ = 0O x y/+ , A a block of CG(R) containing 0 ,

and N(8) the stabilizer of 8 in N = NG(R). Then N(8) = G0 x A^(0+) and

y/ e 1^(^(0), 0). We may suppose (P+ , A+) < (D+, b+), so that (P, A) <
(D,b). Thus bG = B and (R,I(y/)) is a P-weight. The correspondence

(P, 7(^)) h-> (P+, I+(y/+)), where R = D0 x R+ and ^ = 0o x <//+ is clearly

a bijection from {(P,7(^)): ^ e Irr°(Ar(0), 0)} to {(P+, 7+(^+)): y/+ e

Irr°(7V(0+), 0+)} . So the number of P-weights is the number of P+-weights,

and it is TJr/r by (4E).

Suppose 0q° = #o for some cro £ Go of determinant -1. Then there are two

irreducible characters û'0 and û'0' of Go covering #0 . Let 0' = d0 x r)+ , r>" =

0Q x 0+, and b', b" be the blocks of C~(D) containing 0', 0" respectively.

Then #', 0" are not conjugate in N~(D) = G0xN~ (D+), so b'G and b"G are

two blocks of G. We shall show that the number of b'G-weights is the number

of P-weights.
Suppose (P, <p) is a P-weight.  In the notation above, N — (x, Go x N+)
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and N = (x0, Go x N+), where x = x0 x x+ with To € Go, x+ e G+ of

determinants -1. Moreover, we may suppose (P, A) < (D, b) and 0o = #o •

Let 0 = 0O x 0+ and b the block of C containing 0. Then (R,b)<(D, b')

and AG = b'G. Conversely, if (P, <p) is a weight of b'G, then there exists

a_block A of CR with defect group P and canonical character 0 such that

bG = b'G and <p e Irr(VV, 0), where C is defined before. Then b = bo x b+

and 0 = 0o x 0+ , where ¿o and A+ are blocks of Go and C+ respectively and

0o e Ao and 0+ e b+ . As shown in the proof of (4F), we may suppose 0O = #0

and (P, A) < (D, V). Let 0 = 0o x 0+ and A the block of C containing

0. Then (P, A) < (7), b). In addition, each character ^ e Irr°(TV, 0) or

(p e Irr°(Ñ, 0) covers a character of Irr0(Go x N+, 8) and each character of

Irr°(Go x N+, 0) decomposes as 0o x <p+ for some <p+ e Irr°(TV+, 8+).  So

it suffices to show that the number of b'G-weights of the form (P, 0) with

(p covering 0o x <p+ is the number of P-weights of the form (P, <p) with

ip covering 0o x tp+ . It is equivalent to show that the number of irreducible

characters in bN covering 0O x <p+ is the number of irreducible characters in

A^ covering 0o x <p+ since (TV : TV) = (TV : Go x TV+) = 2.
If T+ stabilizes ç?+ , then there are two irreducible characters y>'+ and (p'[ of

TV+ covering <p+ , so that there are four irreducible characters û'0 x <p'+ , u^xtp" ,

0Q x <p'+ , and #q x ^ of TV = Go x TV+ covering r?0 x tp+ . Moreover, exactly

two of them 0O x <p'+ and 0O x tp'l cover 0O x tp+ and both lie in bN by [10, V
3.10 and 3.7]. Since x = To x x+ stabilizes Ûqx y>+ , there are two irreducible

characters of A^ covering 0O x <p+ and lying in bN . It follows that both bN

and A^ have two irreducible characters covering #o x <P+ , so that the number

of b'G-weights is the number of P-weights.
If T+ does not stabilize <p+ , then there are two irreducible characters 0O x

(<p+ + tpT++) and 0o'x ((p+ + (px¿) of iV covering 0oxç9+ and only the first lies in

A^ . Since (ûo x <P+Y 7e 0o x 9+ , N has only one irreducible character covering

0o x <P+ and lying in A^ . So both bN and bN has one irreducible character

covering 0o x <p+ . Thus the number of b'G-weights is the number of P-weights.

A similar proof to that of (4F) can be applied here with G replaced by G,

P by b'G, b by b', 0 by 0', and some obvious modifications, so that the

number of b'G-weights is the number of bG+ -weights. By (4E) the number of

bG+-weights is TJr./r and this is the number of P-weights. This completes the

proof of (1).
(2) Suppose mx±i(s+) / 0 and (P, <p) isa P-weight. In the notation above,

suppose N(8) and N(8) are the stabilizers of 0 in Ñ and Af respectively.

If F0 = 0, then (TV"(0): 7V(0)) = 2 and |Irr°(7V(0), 0)| = 2|Irr°(TV(0), 0)|
by the remark of (4E). So the number of P-weights is \ TJr./r by (4E).

Suppose F0 # 0 and 0q° ^ 0o for some t0 e G0 of determinant -1. By

the proof above, we may suppose 0 = 0o x 0+ for some character 0+ of C+

and (P, A) < (A b). Let jV(0+) and 7V(0+) be the stabilizers of 0+ in Ñ+

and N+ respectively.  Then Ñ(8) = G0 x TV(0+) and N(8) = G0 x N(8+),
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so that by the remark of (4E), \lrr°(N(8+), 0+)| = 2|Irr°(TV(0+), 0+)|. Thus

|Irr°(A^(6»), 0)| = 2|Irr°(TV(0), 0)| since each character y/ of Irr°(JV(0), 0) and

each y/ of Irr°(Ar(0), 0) decomposes as y/ = 0o x y/+ and y/ = 0o x y/+

for some y/+ e In°(TV(0+), 0+) and y/+ e Irr°(TV(0+), 0+). Let b' be the

block of C~(D)D containing 0' = (0O + 0¿°) x 0+ and b the block of C

containing 0 = (0O + ûx0°) x 8+ . Since (P, A) < (D, b) in G, it follows that

(R,b) <(D, b') in G, so that AG = b'G . Thus the number of P-weights is half

of the number of b'G-weights. A similar proof to that of (4F) can be applied

here with G replaced by G, P by b'G , b by b', 0 by 0', and some obvious

modifications, so that the number of b'G+-weights is the number of bG-weights.

By (4E) the number of bG+-weights is TJr/r and so the number of P-weights

is 2 Fir fr ■ This completes the proof.
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